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Abstract. The necessary and sufficient conditions for normality of elliptic functional-
differential operators with two transformations of variables were obtained. The normality
of such an operator is equivalent to the existence of orthonormal basis consisting of eigen-
functions of this operator.
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Introduction. A field transformation in the two-dimensional feedback
in a nonlinear optical system leads to multi-petal waves generation [1, 2].
Those light structures arise in contemporary computer technology developing
optical analogues of neuron nets. The mathematical model of such a system
is described by bifurcation of periodic solutions for quasi-linear parabolic
functional differential equation with transformation of spatial variables g(x).
In [3, 4] this problem is considered in the case where the spatial domain @ is
a circle or a ring and the transformation of spatial variables g is a rotation by
some angle f. An arbitrary domain Q C R? and an arbitrary transformation
g were considered in [5, 6]. In these works the linearized elliptic functional
differential operator was assumed to be normal. In [7] necessary and sufficient
conditions for the normality were obtained in terms of properties of domain
@ C R™ and transformation g. A more general case without the assumption
of normality was considered in [8].

* Supported by the Russian Foundation for Basic Research (Grant 04-01-00256) and
Russian Ministry of Education (Grant UR.04.01.129).
t Nelidovskaya st. 25k1, flat 72, 125363 Moscow, Russian Federation

1



2 E. M. VARFOLOMEYEV

It was proved [6] that the normality of the linearized elliptic functional
differential operator of this problem is equivalent to the existence of orthonor-
mal basis consisting of eigenfunctions of this operator. This result also is valid
for such operator with two transformations of variables.

In this work necessary and sufficient conditions for normality of the lin-
earized operator were obtained in the case of two transformations of spatial
variables. Such operator has a system of eigenfunctions forming an orthonor-
mal basis in Ly(Q) if and only if the operator is normal.

1. Formulation of the problem. Let () C R" be a bounded domain
with the boundary 0Q) C C*°, n > 2, and let g and f be one-to-one trans-
formations of class C® such that

g:VCR"—g(V)CR", [J(x)|#0, z€V,

f:VCR"—= f(V)CR", |Ji(z)|#0, z €V,
where V' is a bounded domain such that @ C 'V, Jy(x) = [0g;/0x;]},_, is the
Jacobi matrix of transformation g, and |J,(z)| = | det J,(x)|. Also we assume
that the following holds:

(1.1) 9(Q)CcQ, [f(Q)CQ.

Consider an unbounded operator Ay : La(Q) — Lo(Q) with the domain
D(Ag) = {v € W2(Q) : Bv = 0} defined by the formula Agv = Av, v €
D(Ay). Here W4 (Q) denotes the Sobolev space of complex-valued functions
in Lo(Q) such that all of their generalized derivatives up to k-th order belong
Ly(Q), Bv = v|gg or Bv = (0v/0v)|aq, and v is a unit vector normal to 0Q) at
a point x € 0Q). It is well-known that Ay is a self-adjoint operator. Consider
an operator A : Ly(Q) — Lo(Q) such that A = Ay + A; + As, where A; and
A, are linear bounded operators defined on the whole space Ly(Q) as follows:

Ar: Ly(Q) — Lo(Q),  Aw(z) = arv(g(x)),
Az La(Q) — La(Q),

where a; # 0 and ay # 0 are real numbers.

An operator A is said to be normal if D(AA*) = D(A*A) and AA*v =
A*Av for all v € D(A*A). Put D(A) = D(A,).

Introduce sets G' = {z € Q : g"(v) # x}, m = 1,2,.... Here g™ ()
denotes transformation g applied m times. Denote é? = Q\ Gy'. We write
a superposition of transformations in the form like fg(z), g~'f(x), etc.
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2. The main results.

THEOREM 1. Suppose that G, # @ and G} # &. Moreover, let condi-
tions g(Q) = f(Q) = Q and |aq| # |az| hold. Then operator A is normal if
and only if
(2.1) g(x) = Kz +b, f(z)=Cr+d, z€Q,

(2.2) 9f(@) = fg(z), z€qQ,
where K and C are orthogonal matrices of n x n size such that K? # E and
C?*+#4E, b,deR"

THEOREM 2. Suppose that G2, = @ and G7 = @. Then g(Q) = f(Q)=Q
and:

1. If operator A is normal and condition a; + as # 0 holds, then

{a? (1Tg (@) = [ Jg(@)|7) + a3 (|4 (2)| = [Jp(2)|7) =0, 2€GyNGy,
| Jg(@)| =|Jp(x)] =1, z€Q\(GyNGY).

2. If |Jy(x)| = |Jf(z)| = 1 for any x € Q, then A is normal and self-
adjoint operator.

THEOREM 3. Suppose that Gg # @ and G2 = @. Moreover, let g(Q) =
Q. Then f(Q) = Q and operator A is normal if and only if
(2.3) g(x) =Kax+b, |J(z)=1 z€Q,

g9f(x) = fy(x), weq,

where K is an orthogonal matriz of n xn size such that K* # E and b € R™.

3. Some auxiliary statements.
LEMMA 1. Adjoint operator A is described by the following formula:

Ato(z) = {alugl(xﬂv(gl(x)) for x € 9(Q).
1 0 for € Q\g(Q),

where Jy-1(x) is Jacobi matrix for transformation g—'. The proof is obvious:
it is sufficient to change the integration variable in the Ly(Q) scalar product.
Adjoint operator A} is described analogously.

REMARK 1. Since D(Ag)=D(A}) and linear operators Ay, A} = Lo(Q) —
Ly(Q) are bounded, k = 1,2, we have D(A) = D(A*) = D(Ap).

LEMMA 2. Suppose that g(Q) = f(Q) = Q and the following conditions
hold for any x € Q:

| Jp-1 ()] = [T (f(2)], g1 (x)] = [Jg-1(g(2))],
| Jp—1 ()] = [T (g(2))],  |Jg-1(2)] = |Jg-1 (f(2))],
fg(x) = gf(z).

(3.1)
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Then operator Ay + Ay is normal.
Proof. Using Lemma 1, for any function v(x) € Ly(Q) we get

AT Aw(z) = dfl T (o)o(x),  AsAi(z) = aras|Jp (2)|v(gf 7 (2)),
A5 Ayo(x) = a3l Jp (2)|u(z),  AjAgu(z) = arag]Jy (2)|o(fg~" (2)),
A Ajo(z) = aflJg- (g(2)u(x),  AAse(z) = aras| Ty (g(x)) o(f g (),
Ay Aso(x) = az| T (f@))|v(2), AsAju(z) = aras| Ty (f(2))o(g™ f(2)).

(
Conditions fg(x) = gf( ) and ¢(Q) = f(Q) = @ imply relations f~lg(z) =
0 (@). fg(2) = g f(), and flga) = g Lf(x) for all = € Q.

Hence, taking into account the conditions imposed on jacobians, we get
(A1 + A2)(A] + A5) v(x) = (AT + A3)(Ar + Az) v(x),  w(z) € Lo(Q),

which proves the lemma. 0O

REMARK 2. From the identity |J,(x)| - |J,~1(g(z))| = 1, it follows that
the condition |J,-1(x)| = |J-1(g9(x))| (x € Q) is equivalent to the condi-
tion |J,-1(z)] = |Jy(x)|7! (z € Q). Hence we see that condition |J,-1(z)| =
|J-1(f(z))| (x € Q) is equivalent to condition |J4(z)| = |J,(f(x))| (x € Q).
Additionally using an identity |J,-1(z)| - |J,(¢7 (x))| = 1, we see that condi-
tions |Jge(z)| = |Jgr(g9(x))|, where p,q € {—1,1} and x € Q, are equivalent.
The analogous conclusion is valid for the conditions on |J¢(x)| and |Jp-1(x)|.

ExaMPLE 1. Consider an example demonstrating operator A;+ As being
not normal in the case of transformations g and f being non-commutative.
Put Q = {x € R®: 23 + 23 + 23 < 4} and let g and [ be rotations around
axes x1 and xy respectively:

1 0 0 T
glx)=1| 0 cosp —sing re |,
0 sinp  cose T3
costyy 0 —sing T
flz) = 01 0 T2
sinyy 0  cosy T3

Put o =+ = 7/3 and fix a point x° = (0, 0, 1)T. We get (see Fig. 1):
[hg(®) = f7H0, —V3/2, 1/2)T = (V3/4, —V/3/2, 1/4)T,

(
9f” 1(950)—9(\/_/2 0, 1/2)" = (V3/2, =V3/4, 1/4)7,
g (@) = g7 (=V3/2, 0, 1/2)" = (=V3/2, V3/4, 1/4)7,
fa 1(1‘0) :f(07 \/—/2’ 1/2) = (_\/_/47 \/§/2v 1/4)T'
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We have all the conditions of Lemma 2 except for the commutativity of
transformations g and f fulfilled. As it was obtained in the proof of Lemma 2,
the normality of operator Ay + As is equivalent to the equality

(3.2) v(flg(@) + (g7 f(@) = v(fg (@) + v(gf (2)

for all v € Ly(Q) and almost all x € Q. Choose v = x°. It is obvious that
there exist functions v € Lo(Q) not satisfying Eq. (3.2). Therefore, operator
Ay + Ay is not normal.
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4. Proof of Theorem 1.
LEMMA 3. Suppose that G2 # @, G} # @, and g(Q) = f(Q) = Q. Let
operator A be normal and conditions ajas < 0 and a; + as # 0 hold. Then

g(x) =Kz +b, flx)=Cx+d, ze€qQ.

Here K and C are orthogonal matrices of n x n size such that K?> # E and
C?*+E, b,deR"

Proof. We produce the proof for transformation ¢ (transformation f is
considered analogously). By the definition, sets G}* (m = 1, 2) are open and
G? C G). Fix a point 2° € G7. By the definition of sets G7", for x = 2° the
following inequalities take place:

(A1) g(w) # . (42) §(x) # .
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Since g(Q) = @Q, it is easy to see that g(ég) = é; whence g(G7) = G2.
Choose some ¢ > 0 such that Bys(z°) C G% and the following conditions
hold:

(B1)  Bays(z%) Ng(Bys(2®) = @, (B2) Bas(2°) N g (Bys(2°)) = @.

1. Suppose that for x = 2° the following inequalities are valid:

(43) flx) #x, (A4) g(x) # f(x),
(45) g(z) # [ (=), (A6) 9*(z) # f(),
(A7) g(x) # fg(x), (48) g '(x) # flg().

Since transformations g and f are continuous, we can choose ¢ > 0 small
enough to satisfy the following conditions:

(B3) Bys N f(Bas) = 2, (B4) 9(Bas) N f(Bas) = 9,
(B5) 9(Bas) N [~ (Bas) = @, (B6) 9*(Bas) N f(Bas) = 2,
(B7) 9(Bas) N fg(Bas) =@, (B8) g ' (Bas) N [~ g(Bas) = 2.

where Bys = Bos(2?).

Now we generalize the method used in [7]. Introduce a function £ €
C>=(R") such that 0 < £(z) < 1forall # € R”, £(z) = 1 for all 2 € g(B;(z°)),
and supp & C g(Bas(2°)). Put u = £P, where P is a polynomial. It is obvious
that u € D(A*A). Consider AA*u(z) and A*Au(x). By the definition of
function &(z) for x € Bs(2°) we get:

ApAsu(z) =0, AyAgu(z) =0 by condition (B4),
ApAju(z) =0, ATAgu(z) =0 by condition (B2),
AgAsu(x) =0, AjApu(z) =0 by condition (B5),
Ay Aju(z) =0, ATAju(z) =0 by condition (B1),
Ay Asu(x) = 0, A5 Asu(z) =0 by condition (B1),
Ay Aju(z) =0 by condition (B7),
Al Asu(x) =0 by condition (BS),
AsAju(xz) =0 by condition (B6),
A5 Aju(z) =0 by condition (B3).

Since operator A is normal, we have AA*u(z) = A*Au(x) whence

ApAu(r) = AjAgu(), o € Bs(2?).
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Therefore,

(4.1) Au(g(w)) = (Au)(g(z)), x € Bs(a").

Differentiating composite function u(g(zx)), from (4.1) we obtain:

Z Z ugrgs gr:m( )gsmi (1‘)

=1 r,s=1

+ Z Zugr )G () = Zluw(g(x)), v € Bs(2")

=1 r=1

Put P(z) equal to (zx — gr(2°))? and (zx — gr(2°)) (2 — gm(2?)), where
k # m. Then from (4.2) we get:

(4.3) Zgimi(xo)zl, k=1,....n,

(4.4) ng Vgme, (2°) =0,  k,m=1,....n, k#m.

Equations (4.3) and (4.4) can be written in a matrix form:

(4.5) Jo(z)J] (") = E.
Therefore,
(4.6) JI(2°)Jy(2") = E.

Expand (4.6) to a coordinate form:

" 9g;(z°) Og;(x°
3 g9i(z”) 0g;(x°)

c%ck aIm - 5km

=1

Differentiating this equation with respect to z;, we get

92gi(2°) Dgi(z°) | 0gi(a”) DPgi(a®)
(4.7) Z@xkﬁwl 0T, +; Oxp  0x10T.m, =0

Cyclically permuting indices k, [, and m in (4.7), we get

92gi(2°) 0gi(z°) | = Ogi(a®) H2gi(x°)
(4.8) Zaxmaxk ox; +Z,Z:1: 0x,, Ox0x; =0
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0%gi(2°) gi(2°) | 0gi(2°) 9 gi(2°)
4. =0.
(4.9) Z 0x;0x,, Oz + Z ox; 0x,0x 0

Summing Eq. (4.7) and Eq. (4.8) and subtracting Eq. (4.9), we obtain

9?gi(x°) Dgi(x°)
2 =0, kI =1,...
Z Ox0x; Oy, o Hhm SRR

Thus, for any fixed k£ and [ we get a homogeneous system of linear
algerbaic equations with the determinant |J,(x°)| # 0. Hence

0%g:(2°)
axkawl

Putting P(z) equal to (x5, — gp(2?)) (2 — gm(z?)), where k,m = 1,...,n
and x? is an arbitrary point from the ball Bs(z°), we obtain these equalities
for any point 2% € Bj(x%). Therefore, g;(z) is a linear function of variables
T1,...,T,, in the neighborhood of point z°:

=0, kl=1,...,n

(4.10) g(x) = K”z 4+ b, z e Bs(a®).
By virtue of Eq. (4.5) matrix K*° is orthogonal.

Now we consider different cases where some of inequalities (A3)—(A8) get
violated. This leads to certain equalities and, since transformations ¢ and
f are smooth, such equalities hold on closed sets. For any boundary point
of such sets we can build a sequence of outer points tending to this point.
Proceeding to limit, we extend Eq. (4.10) to all boundary points. Below we
consider the cases where inequalities (A3)—(A8) are violated in closed sets
with non-empty interior. Inequalities (A1) and (A2) and conditions (B1)
and (B2) remain valid for all cases considered below.

2. Let inequality (A3) be violated in a neighborhood of a point z° € Gg:
(A3) f(x) =z, Vae By(®)c Gl

while inequalities (A4)—(A8) remain valid. Choose some small 6 > 0 such
that conditions (B4)—(B8) hold and condition (B3) is violated. Introduce a
cut-off function £(z) on the domain g(Bas(2”)) in the same way as in part 1
of the proof. Put u = £P, where P is a polynomial. Since condition (B3) is
violated, we have for x € B;(x°)

A5 Aju(zx) # 0.
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Taking into account (A3), for z € Bs(x°) we get
(4.11) AzAvu(z) = aras] Jp-1 (2)u(gf~ (2)) = arazu(g()).

Since operator A is normal, in the same way as in part 1 for z € Bs(z°) we
get

AOA1U($) + A;Al’d(fﬂ) = Aleu(x)

Let P(z) be equal to (x5, — gr(2°)) (2 — gm(2°)), where k,m = 1,..., n. Since
&(x) =1 when z € B;(2°), we get

u(g(x)) = (gr(2) — gr(2”)) (gm(x) = g (")),
[u(9(2))],, = ra, (2) (g () = g (2”)) + i, () (g0 () — gu ("))

whence we obtain

(4.12) u(g(@)| = [ulg@))],,| =0

Combining equations (4.11) and (4.12), we get
A;Alu(x)lxzxo =0,

therefore,

(4.13) AOA1U($)|x:xo = Aleu(x)|x:x0.

Putting P(x) equal to (z, — gr(28)) (2 — gm(2?)), where k,m = 1,...,n
and z? is an arbitrary point from the ball Bs;(2"), we obtain Eq. (4.13) for
any point x? € Bs(x°). Hence we have Eq. (4.1) for all points z € Bgs(z°).
Then we get Eq. (4.10) in the same way as in part 1 of the proof.

3. Let inequality (A4) be violated in a neighborhood of a point 2° € G2:
(A4) g(x) = f(x), Va € Bys(2°) C G;

while inequalities (A3) and (A5)-(A8) remain valid. Choose some small
d > 0 such that conditions (B3) and (B5)—-(B8) hold and condition (B4) is
violated. Introduce a cut-off function £(x) on the domain g(Bas(2°)) in the
same way as in part 1 of the proof. Put u = £P, where P is a polynomial.
Since condition (B4) is violated, we have for z € Bs(a2)

ApAsu(x) # 0, Ay Agu(z) # 0.
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Taking into account (A4), for z € Bs(z°) we get

AgAsu(r) = asAu(f(r)) = axAu(g(w)),
AgAgu(r) = az(Au)(f (7)) = az(Au)(g()).

Since operator A is normal, in the same way as in part 1 of the proof for
x € Bs(2°) we get

AoAlu(ZE) -+ A(]AQU(ZE) = AlA()U(fL’) + AQA()U(I),
(a1 + az) Au(g(z)) = (a1 + as)(Au)(g(2)).

Since we postulated that a;+as # 0, we have (4.1). Then we obtain Eq. (4.10)
in the same way as in part 1 of the proof.

4. Let inequality (A5) be violated in a neighborhood of a point 2% € G2:
() o(o) = [ (@), Vo€ Bua) C G

while inequalities (A3)-(A4) and (A6)—(A8) remain valid. Choose some
small 6 > 0 such that conditions (B3)-(B4) and (B6)-(B8) hold and con-
dition (B5) is violated. Introduce a cut-off function £(x) on the domain
g(Bas(z°)) in the same way as in part 1 of the proof. Put u = £P, where P
is a polynomial. Since condition (B5) is violated, for € Bs(z") we get

ApAsu(x) # 0, A Apu(x) # 0.
Taking into account (A5), for z € Bs(z°) we get

A Aju(r) = Alag| Ty (@) [u(f ' (2))] = Alaa| Jy(x)u(g(x))],
AzAou(@) = az|Jp-1(2)[(Au) (f (7)) = az| Ty [(Au) (g ().

Since operator A is normal, in the same way as in part 1 of the proof for
r € Bs(2°) we get

ApAju(z) + A5 Agu(z) = ArAou(x) + AgAsu(x),
a1Au(g(z)) + azlJy(2)|(Au)(g(2)) = ar(Au)(g(x)) + Alas| Jy(x)u(g(x))].

Applying the rule

Alv(z)w(z)] = Av(x)w(z) + 2(Vu(z), Vw(z)) + v(z)Aw(x)
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and grouping terms, for x € Bs(2°) we get

(4.14) Au(g()) (a1 — wly@)]) = D [20alJy(@) s, [ulg(@))],

=1

i

+ az|Jy(2)

v t(g(2))] = (Bu)(g(2)) (a1 = asl Iy ()]

Let P(z) be equal to (w1, — gr(2°)) (2 — gm(2°)), where k,m = 1,..., n. Since
&(z) = 1 when x € B;s(2°), we get Eq. (4.12). Therefore, at the point z = x°
Eq. (4.14) takes form

(4.15)

[Au(g(:p))(al — a2|Jg(x)|)} ' = [(Au)(g(x)> <a1 - a2|Jg($)|>}

=20 r=x0

Since condition ajas < 0 holds under assumptions of the lemma, we have
a; — as|Jy(x)| # 0. Therefore,

= (Au)(g(x))

Putting P(z) equal to (zx —gr(2?))(2m — gm(2?)), where k,m = 1,... n and
2P is an arbitrary point from the ball Bs(z°), we obtain the last equation for
any point P € Bj(z°). Hence we have Eq. (4.1) for any point € Bj(z?).

Then we get Eq. (4.10) in the same way as in part 1 of the proof.

=0 =0

5. Let inequality (A6) be violated in a neighborhood of a point z° € Gg:
(75) () = @), V€ Byyla") C G2

while inequalities (A3)-(A5) and (A7)—(A8) remain valid. Choose some
small 6 > 0 such that conditions (B3)—(B5) and (B7)-(B8) hold and condi-
tion (B6) is violated. Introduce a cut-off function £(z) on the ball g(Bas(z))
in the same way as in part 1 of the proof. Put u = ¢ P, where P is a polyno-
mial. Since condition (B6) is violated, for x € Bs(z") we get

Taking into account (A6), for z € Bs(x°) we get
(4.16) AzAu(w) = araz]Jy-1 (f(2)|ulg™ f(2)) = araz| g1 (f(2))lu(g(2)).

Since operator A is normal, in the same way as in part 1 of the proof for
x € Bs(2°) we get

AoAl’U(QZ) = Ale'U,(SE) + AQATU(ZZ’)
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Let P(z) be equal to (w1, — gr(2°)) (2 — gm(2°)), where k,m = 1,..., n. Since
&(x) =1 when z € B;(2?), from Eq. (4.12) and Eq. (4.16) we get

Ay Aju(z)] = 0.

=20

Combining two last equations, we obtain Eq. (4.13). Putting P(z) equal to
(2 — gr(2P)) (2 — gm(2P)), where k,m = 1,...,n and xP is an arbitrary
point from the ball Bs(x°), we obtain Eq. (4.13) for any point 2P € Bs(z°).
Hence we have Eq. (4.1) for all points x € Bs(z°). Then we get Eq. (4.10) in
the same way as in part 1 of the proof.

6. Let inequality (A7) be violated in a neighborhood of a point 2° € G2:
(A7) g(z) = fg(z), Va € By(2") C G

while inequalities (A3)—(A6) and (A8) remain valid. Choose some small § > 0
such that conditions (B3)-(B6) and (B8) remain valid and condition (B7)
is violated. Introduce a cut-off function &(x) on the ball g(Bys(z?)) in the
same way as in part 1 of the proof. Put u = £P, where P is a polynomial.
Since condition (B7) is violated, for z € Bs(z") we get

Taking into account (A7), for z € Bs(z°) we get

(4.17) AAju(@) = aras| Jp-1(g(@))[u(f ' g(2)) = araz| Jp-1(g(2)) u(g(@)).

Since operator A is normal, in the same way as in part 1 of the proof for
r € Bs(2°) we get

A(]AlU(fE) = A1AOU(x) + AlASU(iL’)

Let P(z) be equal to (x), — gr(2°)) (2 — gm(2°)), where k,m = 1,..., n. Since
&(z) =1 when z € Bs(2"), from Eq. (4.12) and Eq. (4.17) we get

A Au(z))| = 0.

=10
Combining two last equations, we obtain (4.13). Putting P(z) equal to
(zr, — gr(2P)) (2 — gm(2P)), where k,m = 1,...,n and xP is an arbitrary
point from the ball Bs(x?), we obtain Eq. (4.13) for any point z¥ € Bs(z°).
Hence we have Eq. (4.1) for all points x € Bs(z"). Then we get Eq. (4.10) in
the same way as in part 1 of the proof.
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7. Let inequality (A8) be violated in a neighborhood of a point z° € G’f]:
(AB) g Hx) = flg(x), Vo e By(2®) C Gg

while inequalities (A3)—(A7) remain valid. Choose some small 6 > 0 such
that conditions (B3)—(B7) remain valid and condition (B8) is violated. Intro-
duce a cut-off function &(x) on the ball g(Bas(2")) in the same way as in part 1
of the proof. Put u = £P, where P is a polynomial. Since condition (B8) is
violated, for = € Bs(z°) we get

Al Asu(x) # 0.
Taking into account (AS8), for z € Bs(x°) we get
(4.18)  AfAsu(z) = aran|Jy-1 (2)|u(fg ™ () = araz| -1 () u(g(x)).

Since operator A is normal, in the same way as in part 1 of the proof for
x € Bs(2") we get

AgAju(z) + AT Aqu(z) = A1 Agu(z).

Let P(z) be equal to (x5, — gr(2°)) (2 — gm(2°)), where k,m = 1,..., n. Since
&(x) =1 when z € B;(2?), from Eq. (4.12) and Eq. (4.18) we get

A{Agu(x)‘xqo = 0.

Combining two last equations, we obtain (4.13). Putting P(x) equal to
(rr — gr(@P)) (T — gm(2P)), where k,m = 1,...,n and xP is an arbitrary
point from the ball Bs(x?), we obtain Eq. (4.13) for any point 2 € Bs(z°).
Hence we have Eq. (4.1) for all points = € Bs(x°). Then we get Eq. (4.10) in
the same way as in part 1 of the proof.

8. Now we consider the relation between the following group properties of
transformations g and f:

(A3 flz) ==z, (A4) g(x) = f(x),
(45) g(z) = f(x), (A6) g (x) = f(x),
(A7 g(x) = fg(), (48) g (x) = fg(x)

for all # € Bys(2°) C G (condition (A2) holds).
Example 3 given below illustrates all possible combinations of properties
(A3)-(A8) under the assumption that property (A2) holds. Fig. 2 shows
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that there exist transformations ¢ and f satisfying any combination of prop-
erties (A5), (A6), and (A8) including the combination where none of these
properties hold. Property (A4) is not consistent either with property (A6)
or (A8) because otherwise property (A2) would be violated. Properties (A4)
and (A5) can be combined (see Fig. 3) leading to property f2(x) = x. Prop-
erty (A7) is not consistent either with property (A4), (45), or (A8) because
otherwise property (A2) would be violated. Properties (A7) and (A6) can
be combined as shown in Fig. 4. Property (A3) is not consistent either with
property (A4), (A5), or (A6) because otherwise property (A2) would be vi-
olated. Properties (A3) and (A7) can be combined (see Fig. 5) as well as
properties (A3) and (A8) (see Fig. 6). Thus, the only possible cases are the
following: any combinations (including empty one) of (A5), (46), and (AS8);
(A4) and (A5); (A6) and (AT7); (A3) and (AT); finally, (A3) and (AS).

9. Let some combination of properties (A3)-(A48) hold in a neighborhood of a
point 2° € GZ. Suppose that this combination is not (A4)—-(A45). In that case,
combining corresponding parts of the proof 2 and 57, we analogously obtain
Eq. (4.13). Putting P(z) equal to (x) — gr(28))(2m — gm(2?)), where k, m =
1,...,n and 2% is an arbitrary point from Bs(z°), we establish Eq. (4.13)
for any point ¥ € Bj(2"). Hence we obtain Eq. (4.1) for any point z €
B;(z"). Then we obtain Eq. (4.10) in the same way as in part 1 of the proof.
Therefore, if conditions (A4) and (A5) hold in a neighborhood of a point
2% € G2, then transformation g has form (4.10) in this neighborhood, in
particular, |J,(z)| = 1.

10. Let inequalities (A4) and (A5) be violated in a neighborhood of a point
¥ € G2
9

(A4) g
(45) g

while inequalities (A3) and (A6)—(AS8) remain valid. Choose some small § > 0
such that conditions (B3) and (B6)—(B8) remain valid and conditions (B4)
and (B5) are violated. Introduce a cut-off function &(z) on the ball g( Bas(x?))
in the same way as in part 1 of the proof. Put v = &P, where P is a
polynomial. Since conditions (B4) and (B5) are violated, for z € Bs(z°) we
get

r) = f(x), Vo € Bys(2°) C Gf],

(
(z) = f1(z), Vo€ By(a®) C Gz

AoAQU(ZL‘) 7é 0, AQA()U(ﬁ) 7é O,
AgAsu(x) #0, As5Aou(z) #0.
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Since operator A is normal, in the same way as in part 1 of the proof for
x € Bs(2°) we get

ApAru(x) + ApgAsu(z) + ASAgu(z) = ArAou(z) + AsAgu(z) + AgASu(x).

Combining the reductions made in parts 3 and 4 of the proof, from this
equation we get

(4.19) [Au(g(:c)) <a1 Yoay— azug(x)\ﬂ

=0

= [(Bu(ofa)) (a1 + a2 — aal o)
[ ( )

=20

0

This implies two cases: either Eq. (4.1) holds for x = z° or, when a; /ay > —1,

we get

ay
ERLEY
z=z0 Q9

(4.20) [Ty ()]

Under assumptions of the lemma we have ajay < 0 and a; + ay # 0 but a
set {(ay,a2) : aj/ag > —1, ajay < 0, a; + ag # 0} is non-empty, therefore,
it is possible that Eq. (4.20) holds while Eq. (4.1) does not hold.! Putting
P(x) equal to (x — gr(2®)) (2 — gm(2P)), where k,m =1,...,n and 27 is
an arbitrary point from the ball Bs(z?), we obtain Eq. (4.19) for any point
2P € Bs(2?). We claim that Eq. (4.20) actually does not hold on any subset
of Bs(z") with non-empty interior.

Indeed, suppose that Eq. (4.20) holds for any x € Bs(z°). By defini-
tion, Bas(2°) C G3. Properties (A4) and (A5) imply f(z) = f~'(z) for
T € Bos(2?), therefore, Bays(2°) C éfc By the definition of sets G and @30
and by virtue of (ﬂ),_we have g(Bas(2°)) C G? and g(Bys(2)) C G2
Properties (A4) and (A5) imply ¢ '(z) = f(z) and ¢g7'(x) = f~'(x) for
x € g(Bays(x°)). We claim that g(Bas(z%)) N Bas(2°) = @. Indeed, assuming
the contrary we get g(z) = f~'(z) and g~'(z) = f(z) for z € g(Bas(z")) N
Bays(a®). Since g(Bas(2”)) N Bas(a®) C G}, for @ € g(Bas(2)) N Bas(a?)
we have also f(z) = f~!(z) whence g(z) = g~'(z). This contradicts rela-
tion g(Bas(2°)) N Bas(2°) C G2 and proves that g(Bss(2°)) N Bys(a?) = @.
Combining ¢~ '(z) = f(z), ¢"'(z) = f'(z), and g(z) # g '(z), we get

L If we impose a restriction ay/as < —1, then we also should require as/a; < —1 because
it is needed to consider transformation f analogously. But the set {(a1,a2) : a1 /as < —1,
as/a; < =1, ajas <0, a; + ag # 0} is empty.
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g(z) # f~H(z) and g(x) # f(z) for x € g(Bas(z")). Therefore, according to
part 9 of the proof, |J,(z)| = 1 for z € g(Bas(z")). Suppose that Eq. (4.20)
holds, i.e., |J,(z))] = 1 + a1 /as for x € Bs(x®). Then, using the well-known

Jacobian relation, we get [J,-1(x)| = 22— for x € g(Bs(z)). This means
that [J(z)] = [Jp-1(2)] = % for @ € g(B;(2°)). Choose a point z' €

g(Bs(z%)) and a ball By, (') C g(Bs(2°)) such that g(Ba.(21))N B (2!) = @,
g (Bae(2')) N Bae(z!) = @, and g(Boc(z')) N f(Ba:(2')) = @. Introduce a
cut-off function n € C(Q) such that 0 < n(z) < 1 for z € Q, n(z) = 1
for x € B.(x'), and suppn C Ba.(x'). Since operator A is normal, we have
AA*n = A* An. Taking into account that g(z) # ¢~ *(z) = f~*(z) = f(x) for
x € By.(x'), by definitions of Bo.(z!) and n(x) for z € B.(x!) we get:

ApAin(z) = Alan(g()] =0,  AjAgn(z) = a1 (An)(g(z)) =0,
AgAgn(x) = Alagn(f(2))] =0,  AxAen(z) = as(An)(f(x)) =0,

Ay Ain(z) = il Ty (g ()], Ay Asn(x) = a3l Jp (f ()],

AT An(z) = afl g ()], A5 Agn(x) = a3l g (2)| = @3] Ty (x)],
AgAin(z) = Alar|Jy-1(2)In(g~" (2))] =0,

ApAgn(z) = Alag| Jp-1(2)|n(f~ ()] = 0,

AT Agn(z) = a1]Jy-1 ()| (An) (g~ () = 0,

A5 Aon(x) = as| g1 (2)|(An) (f~H(2)) = 0,

Ay Asn(x) = aras| Ty (g(2)) In(f~g(x)) =0,

Ay An() = ayag] Jy1 (f(x))In(g™" f(x)) = 0,

AjAon(z) = aras|Jy—1(z)|n(fg~ ' (2)) = aras|Jy—1 ()|,

A5 An(x) = aras| Ty (2)[n(gf~H(x)) = aras| Jy-1(2)] = aras| Jy-1 (z))|

Combining these equations with AA*n = A*An and using property |J,(z)]| -
| J,-1(g(x))| = 1 (the same for f) and relations g~'(z) = f~*(z) = f(x), for
z € B.(z') we get
ai|Jy-1(g())] + a3l Ty (f ()]
= ai|Jy-1 ()| + a3| Ty (2)] + aras] Jy-1 (2)] + aras| Jp-1 ()],
whence a?|J, ()™t + a3 J;(z)| 7' = (a1 + a2)?|J¢(x)|. Inserting the values of
the jacobians, we obtain

ag

a
a? + a3 <1 + —1) = (a1 + ay)?

a9 aq + Qo

which yields a; = 0. This contradicts the initial assumptions and proves that
Eq. (4.20) actually does not hold.
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Therefore, Eq. (4.1) holds for x = 2° Putting P(x) equal to (z; —
g1 (2B)) (@ — gm(zP)), where k,m = 1,...,n and xP is an arbitrary point
from the ball Bs(z°), we obtain Eq. (4.13) for any point =¥ € Bs(z). Hence
we have Eq. (4.1) for all points € Bs(2°). Then we get Eq. (4.10) in the
same way as in part 1 of the proof.

11. In parts 2-10 it is proved that under conditions of the lemma Eq. (4.10)
holds for Bs(z") C G2 without any additional assumptions. Therefore,

(4.21) g(x) = Kz +V, xeGY,

where G2/ is an open connected component of set G?.

Since g(Q) = Q, we have g(G?) = G?. Therefore, if z € G/, then
g(x) € GZ™ for some m = m(j). Moreover, since set G/ is connected, index
m is independent of x. Thus,

(4.22) 9 (x) = KnKjz + Kb +0", zeGY.

First, suppose that G; = (). Then j takes on the only value 7 = 1.
Suppose that K? = E. Then ¢*(z) = x + K;b' + b' for x € Q. Hence
Kib' + b' = 0. Therefore, g*(z) = z for x € Q. This contradicts condition
Gz = Q. Thus, if G = @Q, then g(z) has form (2.1) where K = K, and
K2+ E.

Now suppose that ég # . Then 0GZ NQ = 8@3 N Q. Consider a set
dGZNQ. Choose some z € OGN Q. Proceeding Eq. (4.22) to limit as 2 — 2
(z € G¥), we get

(4.23) KKz + Kb +b" = 2.

If K,,K; = E, then Kb’ + 0™ = 0. Hence ¢g*(z) = x for + € G¥. This
contradicts the definition of G27. Therefore, the set G N Q belongs to a
hyperplane of dimension » < n —1, where r is an order of eigenvalue A = 1 of
matrix K,,K; # E. (When r = n we would get K,,K; = E, because K,,K;
is orthogonal.) If A = 1 is not an eigenvalue of matrix K, K, then the set
dGY N Q consists of one point. As we supposed, g € C*. At the same time,
g*(z) is a piecewise-linear function in Q. Therefore, é?] C 0G?. Thus, g(z)
also is a piecewise-linear function in Q. Therefore, g(x) has form (2.1) for
x € . Moreover, since K; = K,, = K, we get 7 < n — 2 and the set G;
consists of one connected component.? 0

2 We prove that r < n — 2 as follows. Let matrix K have spectrum o(K) = | {\:},
i=1
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ExaMPLE 2. Condition a; + as # 0 is essential in this lemma. Indeed,
if we have ay + az = 0, then any (nonlinear) functions g(z) = f(x), x € Q,
produce a normal operator Au(x) = Au(x).

EXAMPLE 3. Let us consider examples for all possible combinations of
properties (A3)—(AS).

Transformations g and f illustrated in figures 2-6 are constructed as
follows. They transform a unit circle Q = {(z1,72) € R* : 22 + 23 < 1} by a
quasi-rotation:

g (21,72) — (Y1, 1), {y1 = rcos((g(r, w)))))

yo = rsin(g(r, ¢
g(ryp) = n(r)e + (1 —n(r)g(e)-

Here (x1,25) and (y1,y2) are rectangular coordinates on the unit circle be-
fore and after transformation g; v and ¢ are polar coordinates correspond-
ing to rectangular coordinates (x1,22); n € C®(RY) is a strictly decreasing
cut-off function such that 0 < n(r) < 1 for any r € R, n(r) = 1 for
r € (0,¢), and suppn C (0,2¢), where € is some sufficiently small number.
We choose strictly increasing functions g(y) (for brevity denoting this func-
tion by the same symbol as transformation g) such that g € C3(|0,27]) and
g (@) >0, ¢ € [0,27]. Transformation f is defined analogously. Figures 2-6
show graphs of functions g(¢) and f(p) represented modulo 2 (the functions
themselves are C3-smooth). These functions perform a one-to-one mapping
of a polar angle p. Signs ‘<" on the graphs denote c-neighborhoods where
parts of graphs are coupled C3-smoothly by strictly increasing functions.

On the whole, we have g, f € C3(Q) for the transformations mtr?d)uced.
o) sin(yp) 9

Indeed, when r > e, taking into account that 8%1 = cos(p) % B

8%2 =sin(p) 2 + %@)%, and g(r,p) € C3([0,1] x [0, 27]), we obtain g, f €
C3([e, 1] x [0,27]). When r < &, we have §(r,p) = ¢ (whereby g is a lo-
cally identical transformation), therefore, at the point r = 0 transforma-
tion remains smooth, whence g, f € C3(Q). Moreover, it is easy to see that
Jy(r, ) = %g(r, ©), whence |J,(z)| # 0, [Jp(x)] # 0 for all x € Q. Since
g(r, o) = g(p) when r > 2, we see that for such r transformations g and f
are rotations by variable angle depending only on polar angle .

where |\;| = 1 by virtue of the orthogonality. Then o(K?) = |J {A\?}. Since K? # E,
i=1

N2 #£ 1, 1. e. I\, # £1. That means Im A\, # 0, therefore, I\, = s (because K has its
elements real) and A2, # 1. Thus, there exist two eigenvalues of K2 unequal 1, whence
r<n-—2.
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y

Fig. 2 Fig. 3

Choose a function w € C3([0,1]) such that w(p) > 0 and |'(¢)| < 1 for
0 €[0,1], w(0) =0, w(1) =0, and W™ (0) =w® (1) =0, k =1,2,3.

Consider functions g(p) = ¢ +27/3 and f(p) = ¢ +47/3 (see Fig. 2).
Transformations g and f corresponding them satisfy properties (A5), (A6),
and (A8) for o € (0,27/3) and r > 2¢. Set

(o) © + 4m/3, v €10,27/3] U [47/3, 27],
Tt an3+ (55, g e /3 an/3)

It is easy to prove that f € C3([0,27]) and @) >0, ¢c 0,27]. The graph
of f() is shown in Fig. 2 as the thin curve marked (1). Transformations g
and f corresponding functions g(¢) and f(p) satisfy (A6), (AR), and (A5)
for ¢ € (0,27/3) and v > 2¢. Property (A5) violates. In the same way,
replacing either function f(y) on the interval (2m/3,47/3) (marked (1)),
function g(p) on the interval (2m/3,47/3) (marked (2)), or function g(y)
on the interval (47/3,27) (marked (3)) by a C®-smooth strictly increasing
curve (using analogous functions §(¢) and f(p)), we respectively violate prop-
erty (A5), (A6), or (A8) for ¢ € (0,21/3) and r > 2e. It is easy to see that
violating one of these properties does not affect the others. Thus, “switching
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on and off” (using or not curves (1), (2), or (3)) these properties in different
combinations, we obtain all the 8 possible combinations of them.

For any functions g(¢) and f(p) considered below it is easy to prove that
g, f € C3([0,27]) and g'(¢) > 0, f'(¢) >0, ¢ € [0, 27].

-1
o7 o : s ‘f(ﬁp)__/
oz ax o | O — /1
2 [T 2 7T ‘ / i
Tl m f(o) L SO // |
277‘- s 7 /;‘/ §
27/ 27/ i i
(2m)0
51
3
Tl
o
3
Y
Fig. 4
Consider functions
p+m, pe 0],
9(p) = -
p+T—Tw (L), p€Elm 2],

Q-+, pel0,7/2|U[r, 37/2],
f(%@): QD+7T—%(,U 4P;/T;/2>7 906[71—/2771-]7
+mT—Fw ‘p;;’gm), ¢ € [31/2, 2]

(see Fig. 8). Transformations g and f corresponding them satisfy proper-
ties (A4) and (A5) for ¢ € (0,7/2) and r > 2¢. At the same time, combining
properties (A4) and (A5), we get f2(x) = x for ¢ € (0,7/2) and r > 2.
However, we see that G # @.

Consider functions

3p+3, pel0,7/3, @, pel0,2m/3],
glp)= o+, pelr/3,2n/3], flo)=13p—%, pe2r/3,4n/3],
Lo+, pel2n/3,2n], lo+m, eldn/3,2m

(see Fig. 4). Transformations g and f corresponding them satisfy proper-
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ties (A6) and (AT) for ¢ € (2m/3,27) and r > 2¢. Functions
( ) 3T f( ) 2 QOE[O,W/2}U[3’/T/2,27T],
— + —_—, e .
IPI=9T5 4 O —Tw <¢T/2>, p€[r/2,3m/2]
(see Fig. 5) produce transformations g and f with properties (A3) and (A7)
for ¢ € (0,7/2) and r > 2¢. Functions

Y+, pe[0,7/2], ©, pel0,7/2],
gp)=Q20+%, en/2,7], flo)=120-3%, @eln/2,n],
so+2m, pelm 2, so+m, pelm 2]

(see Fig. 6) produce transformations g and f with properties (A3) and (AS)
for v € (0,7/2) and r > 2¢.

Next we prove a statement stronger than Lemma 3.

LEMMA 4. Suppose that Gg + O, G?c # &, and g(Q) = f(Q) = Q. Let
operator A be normal and conditions ay; —as # 0 and ay+as # 0 hold. Then

glx) =Kz +b, f(r)=Crx+d, z€Q.

Here K and C are orthogonal matrices of n X n size such that K* # E and
C?+#4E, b,decR"

Proof. This Lemma states the same result as Lemma 3 while the assump-
tions are the same as in Lemma 3 except for condition aias < 0 which is
changed to condition a; — ay # 0. Therefore, the proof totally coincides with
the proof of Lemma 3 except for part 4. This (and only this) part of the
proof of Lemma 3 uses condition ajas < 0. Now we shall obtain the same
result, using condition a; — as # 0.

1. Let assumptions from part 4 of the proof of Lemma 3 be fulfilled, i. e. in
a neighborhood of a point 2° € Gf] property (A5) holds. In the same way as
in part 4 of the proof of Lemma 3 we obtain Eq. (4.15). Let us prove that
ar — az|Jy(x)| # 0 if a3 —ag # 0.

Since g(Q) = Q, g € C*(Q), and |J,(z)| # 0 for any x € Q, transforma-
tion g : Q — @ is a one-to-one mapping and ¢~'(Q) = Q. Denote the
measure of the set @ by |@Q|. We can write:

Q= [d= [ dow)= [1hwl. ie. [do= [l
Q ) Q Q Q

g71(@Q
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This implies that if |J,(x)| = const for x € @, then |J,(z)] = 1. Since
|J,(x)| € C*Q), if |J,(z")] > 1 (or |J,(«°)] < 1) holds in some set, then
this set has a non-null measure. Therefore, if |J,(2°)] > 1 (or |J,(z°)] < 1)
holds in some set, then there exist a non-null set where |J,(z°)] < 1 (or
|J,(z%)| > 1) and a non-null set where |J,(x)| changes C*-smoothly between
these values.

Suppose that a; — as|Jy(2°)] = 0 holds at some 2 € G?. Parts 2-10
of the proof of Lemma 3 imply that if 2 € G, then it is either |Jy(z)] =1
or |Jy(x)] = a1/as. Under conditions of the lemma a; — as # 0 whence
ai/as # 1. That means there exists a set where |J, ()| changes C*-smoothly
between values a;/a; and 1. But this set cannot intersect Gg. Therefore,
| Jy(2)] = a1/as for all x € GZ°, where G20 is a closed connected component
of G_g such that 2° € G2°. But equality |Jy(x)| = a1/a is possible only when
property (A5) holds, therefore, this property holds for all € G2°. By H
denote the connected component of the set {z € Q : g(z) = f~'(x)} such
that 2° € H. It is obvious that H is a closed set. Then (_}3’0 C H.

Let us consider where |J,(z)| can change C?-smoothly between a;/as
and 1.

2. Suppose that set H \ C_?Z’O also has a non-empty interior. Then set (H \
G2 N éf] has a non-empty interior. Choose a point x! such that By (z') C
(H\G2°) ﬂég. If set (H\ G2°) ﬂég contains points where |J,(z)| # 1, this is
possible only when g(x) # z, therefore, choose z! # g(x') and Bs.(z') such
that g(Ba.(x')) N Ba.(2') = @. For x € By.(z') we have g(z) = g7 '(z) =
f~Y(x). Therefore, f(x) # wx should hold (otherwise f~!(z) = z = g(x)),
so choose By (z') such that f(Ba.(z')) N Bo(z') = @. Introduce a cut-off
function n € C*(Q) such that 0 < n(x) < 1 for z € Q, n(z) = 1 for z €
B.(z'), and suppn C Ba.(z'). By the normality of A we have AA*n = A*An.
By definitions of Bo.(z!) and n(x), taking into account that g(x) = g~ (z) =
[ (), for x € B.(2') we get:

AgAin(x) = Alan(g(x))] =0,  ArAon(x) = a1(An)(g(x)) =0,
A0A277 z) = Alagn(f(z))] =0, AsAon(x) = az(An)(f(z)) =0,
) = aflJy-1 (g(x))], AgAgn() = a3l Jp (f ()],
)l Ay Agn(z) = a3] Ty (2)| = a3] Ty (x)],

AOA*{n x
x

(z) =
(z) =
() = (
A*Am(x) ?IJ i(z
(z) =
21() =
A*Aon(l’)
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A5 Agn(x) = ag|Jp-1 (2)|(An)(f~H(z)) = 0,
At Aon(z) = aras|Jy—1 (z)|n(fg~ (@) = araz|Jy-1 (2)],
A3 Ain(z) = aras|Jp-1 () In(gf ' (x)) = aras|Jp-1 (2)] = aras|Jg-1(z)].

a). Suppose that g(z) # f(z) for x € By.(x'). Then

Ay Asn(x) = aragl Jy-1(g(x)) In(f " g(x))
Ay Ain(x) = alaz\Jgfl(f(-f))‘ﬂ(g_lf(-f))

0,
0

By the normality of A this implies for x € B.(z?!)

aj| g1 (g(x)) + a3l Ty (f (x))
= @il Jg-1 (z)| + a3|Jp-1 (2)| + aras] g1 (2)| + arag|Jp-1 ()],
aj|Jy(x)| 7t 4 a3 Jp(2)| 7t = (a1 + a2)®| T ()]

As f(z) # f~'(x) for z € By.(x'), we get Boc(z') C GF. Since f(x) # g~ (z)
for ¥ € Boc(x'), we obtain |J;(z)] = 1 for © € Ba.(z!') (this follows from
parts 2-10 of the proof of Lemma 3). Therefore, |Jy(x)| = const for x €

B.(z1).
b). Suppose that g(z) = f(x) for x € By.(x'). Then

AL Agn(x) = arao| Jy-1(g(@))|,  A2Ain(z) = aras|Jy-1 (f(2))].
By the normality of A this implies for x € B.(z!)

ailJy-1(g(@))| + a3 Ty (f ()] + araz] Jy-1 (g(2))| + aras] Jg-1 (f(2))]
= ai|Jg-1 (z)| + a3| Ty (2)| + arag] g1 (2)| + arag| Ty ()],
(a1 4 a2)*|Jy(2)| 7" = (a1 + a2)*|Jy(2)]

whence |J,(z)] = 1 for x € B.(z1).

Thus, |Jy(z)| = const for z € (H\ G2°) N ég It is obvious that the
boundary of set (H \ G2°) N 53 partially coincides with boundary 9G2°.
Therefore, value |Jy(z)| = ay/as is extended from the set G2°, 1. e, [Jy(z)| =
ar/ay for x € (H\ G2°) N CNJfJ By the assumptions of lemma a; # as, so
case 2.b is not realized. Therefore, case 2.a take place, moreover, it is
easy to prove that |.J, ()| = a;/ay only under condition a; = as(—1+£+/5)/2.
Therefore, the set (H \Gz’o)ﬂég either has empty interior (as well as H\G2?),
or it has a non-empty interior, |J,(z)| = a1/as on this set, and a; = as(—1+

v/5)/2 holds.
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Let the set (H \ G2°) N G2 have a non-empty interior. Then value
|Jy(x)| = a1 /as extends to this set because | J,(z)| is smooth. Thus, |Jy(x)| =
aj/as for all z € H. At the same time, 0H C ég Indeed, otherwise there
should exist a subset of the set G2\ H such that value |.Jy(z)| = a1/a; extends
from H to this subset while property (A5) does not hold on this subset, which
is impossible. Moreover, there exists an outer neighborhood of boundary of
the set H belonging to the set CNJf] Indeed, otherwise the set G2\ H has a
part of its boundary common with the set H, but |Jy(z)| = 1 for x € G2\ H,
which contradicts the smoothness of |J,(x)]|.

The same reasoning is valid when the set (H \ C_?Z’O) N Gf] has empty
interior or the set (H \ G2°) N é; has empty interior (H \ G2° has empty
interior). Thus, at any case |J,(z)| = ai/as for + € H and there exist
an outer neighborhood of the set H belonging to the set 5’3 Denote this
neighborhood by O, (0H).

3. Choose a point z' € O, (0H) such that By (z') C OL(0H). Since
OL(0H) C G, we get g(x) = g~ () for z € O (0H). As Bo-(z') C O, (0H),
we have g(z) # f~!(x) for & € Bo.(x!). If set O (OH) contains points where
|J,(x)] # 1, this is possible only when g(z) # z, therefore, choose z' # g(z!)
and By (x') such that g(Bs.(z')) N Ba:(z') = @. Introduce a cut-off function
n € C*(Q) such that 0 < n(z) < 1for z € Q, n(z) = 1 for x € B.(z'), and
supp” C By (x').

a). Suppose that f(z) =z for x € By.(z'). Then for x € B.(z') we get:

AoArn(z) = Alarn(g(x))] =0,  AoAin(z) = Alas| g1 (x)[n(g ™" (2))] = 0,
Ay Agn(z) = ar(An)(g(x)) =0, ATAen(z) = ar| g1 (x)[(An) (g~ (z)) = 0,
A Ain(z) = aflJg(g(2)l,  AsAsn(x) = a3l Jp (f(2))| = a3,

AT Ain(z) = a|Jg- ()], A3 Aan(x) = ag|Jy-1(2)| = a3,

AoAgn(z) = Alagn(f(x))] = Alagn(z)] = 0
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By the normality of A we have AA*n = A*An whence for x € B.(x') we
obtain

ai|Jy=1 (9(x))] + a3 = ai| = ()] + a3

Taking into account that g(z) = ¢g~'(x) for x € B.(z!), we get |J,(z)] = 1
for x € B.(a').

b). Suppose that f(z) # x for &+ € Bs.(x'). Then choose ¢ such that
f(Bae(2')) N Bo(z') = @. Let relations f(z) # g(z) and f(z) # f~'(z) hold.
Then f(x) # g(r) = g=(x) # f-(x) and [(x) # f-(z) for © € Bo(c).
Choose ¢ such that additionally f=1(Ba.(2')) N Bo(z') = &, f(Ba(x')) N
g(Boc(2t)) = @, and f~H(Bac(2)) N g~ (Bae(2')) = @. Then for x € B.(z")

we get:

AgAin(x) = Alan(g(x)] =0,  AAon(z) = a1(An)(g(x)) = 0,
AgAgn(z) = Alagn(f(2))] =0,  AyAgn(z) = aa(An)(f(x)) = 0,
A Ain(x) = afl g (g(2))], Ay An(x) = a3| T (f(2))],
AT A(x) = afl g ()], A5 Agn(z) = a3l g (2)),
ApAin(z) = Alar| g1 (2)In(g™" (2))] = 0,
Ao Asn(z) = Alag|Jp—1 () |n(f~(2))] = 0,
AT Agn(z) = ar|Jg-1 (x)|(An) (g~ (x)) = 0,
A5 Agn(x) = ag| g ()| (An) (f~H(x)) = 0,
A Asn(z) = avas| Ty (g(x))In(f~ g(2)) = 0,
Ay Ain(x) = arag] Jy1 (f(2))In(g~ f(2)) = 0,
(r) =a (
(r)=a (

By the normality of A we have AA*n = A*An whence for z € B.(z') we
obtain

ay|Jy=1 (9(x))| + a3l =1 (f ()] = a3l Jy= (2)| + a3 Tp-1 ()],
ay (| Jy(@)| 7 = [ Jy(2)]) = a5(| Ty (2)] = [Tp ()] 7).

As f(z) # f~'(x) for x € Ba.(z'), we get Ba.(z') C G%; moreover, f(z) #
g (x), therefore, |J;(x)| = 1 for x € Bo.(x') (this follows from parts 2-
10 of the proof of Lemma 3). Also f~'(Bs(z')) C G%. We claim that
fly) # g7 (y) for y € f~1(Ba(x')). Assume the contrary: suppose that
there exists a point y* € f~(Ba.(2')) such that f(y) = g~ *(y). Then there
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exists a point z* € Bo.(z') such that f~l(z*) = Hence f(f (=) =
g~ (f~ (")), thereby z* = g~'(f7'(2")) and g(z ) ~'(«*). This con-
tradicts condition g(x) # f~1(x) for x € By.(z), therefore fly) # g y)
holds for y € f~1(Bae(x")). Since f~!(Ba(2z')) C GF and f(y) # g~ '(y) for
y € f7H(Ba(zh)), we get |Jp-1(z)] = |Jp(f~H(x))] =1 for x € By.(a'). Tak-
ing this into account, we obtain a?(]J,(x)| "' —|J,(x)|) = 0 whence |J,(z)| = 1
for x € Bo.(x!).

c). Suppose that f(z) # x and f(z) = g(z), i. e., f(z) = g(z) = g (x) #
f~Hx) for z € Ba.(z'). Choose e such that f(Ba(z')) N Ba(z!) = o,
J7Y(Ba:(z")) N Boye(2') = @, and f~1(Bac(z')) N g7 (Bac(2!)) = @. Then
for z € B.(z') we get:

AoAin(z) = Alain(g(z))] =0,  AiAm(z) = ai1(An)(g(z)) = 0,
AgAon(z) = Alagn(f(2))] =0,  AgAon(x) = az(An)(f(x)) =0,
A Ain(z) = af| g (g(2))], Ay Asn(x) = a3l T (f(2))],
ATAm(x) = afl g (z)], A5 Agn(z) = a3l g (2)),
ApAtn(x) = Alar| Jy-1(2)n(g~ (2))] = 0,

AgAgn(z) = Alag|Jp-1(2)In(f~ ()] = 0,

At Agn(z) = ar|Jg-1 (x)|(An) (g7 (x)) = 0,

A5 Agn(x) = as| Jp— ()| (An)(fH(x)) = 0,

Ay Asn(x) = arasl Jy-1(g(x))In(f 1 g(2)) = arag] Ty (g(2))],

Ay An(x) = arag| Jy— (f(2))In(g™" f(2)) = araz| Ty (f(2))],

AT Agn(z) = aras| Ty (2)|n(fg~" (x)) = 0,

A5An(x) = arag)Jy- (x)In(gf ' (x)) = 0.

By the normality of A we have AA*n = A*An whence for z € B.(z') we
obtain

ai| Jy-1(g(@)| + a3l (f (@) + araz] Jp-1 (9(2))| + aras] Jy-1 (f ()]
= aj|Jy-1 ()] + a3 Jp-1 (@),
(a1 + az2)?|Jy(2)| 7" = af| Jy(2)| = a3|Tp-1 ().

In the same way as in the case b), we get |J¢-1(x)| = 1 whence | J,(z)| = const
for z € B.(z1).

d). Suppose that f(z) # z and f(z) = f'(z), i. e, g(x) = g} (zx) #
f(x) = f~1(z) for x € By.(x'). Choose ¢ such that f(Bay.(x!))N By (2!) = @,
J7H(Bae(@'))NBae(2') = @, f(Bae(a!))Ng(Bae(2')) = @, and f 71 (Bae(21))N
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g Y (Bo.(z')) = @. Then by the normality of A we get the same relations as
in the case b) whence for z € B.(x') we obtain

(4.24) ay(|J(@)| ™ = [ Jy(@)]) = a5(| Jp(@)] = | Ty () 7).

We see that jacobians |J,(z)| and |J;(z)| can change simultaneously while
this relation holds.

Denote the subsets of () corresponding cases a), b), c¢), and d) by A, B,
C, and D respectively. It was proved that in sets A and B we have |J,(z)| = 1.
Therefore, since |J,(z)| is smooth, these sets cannot have boundaries coin-
ciding with the boundary of set H because |J,(z)| = a1/as when z € H. It

is easy to prove that in set C we get |J,(z)| = 1 only if ajas = 0 and we
get |Jy(z)| = a1/ay only if either a;/ay equals —1 or the irrational number
1,47... . In the last case set C can have its boundary coinciding with the

boundary of set H.

Therefore, set D has a part I' of its boundary such that |Jy(x)| = a1/ay
for x € I'. This part of boundary can coincide either with OH or dC. Suppose
that z € I'. Then proceeding Eq. (4.24) to limit as x — z, we get |Jf(x)| =
(q+ /¢* +4)/2, where ¢ = a1 /as—(a;/az)?®. This implies that |J;(z)] = 1 or
|J¢(x)| = az/ay only if |a;| = |as| which is impossible under conditions of the
lemma. Therefore, I' C éfc As | J¢(z)| is smooth, there exists a neighborhood
O(T) of T such that O(T") C éfc But CNG? = @, therefore, set C cannot have
a part of its boundary where |J,(z)| = a1/as coinciding with the boundary
of set D. Therefore, I' C 9H. Denote O_(I") = O(I") N H.

Consider a set O_(T') N é; We get g(z) = g7 (z) = f(z) = f(x) for
xe O_(I'n ég In part 2.b it was proved that |J;(x)] = 1 in this case.
Hence this set cannot approach closely to I', otherwise the smoothness of
|J¢(z)| would be violated. Therefore, the set O_(I') N G with a non-empty
interior approaches closely to I'. On the other hand, in part 10 of the proof
of Lemma 3 it was proved that in this case the normality of A implies a; = 0
which contradicts the initial assumptions.

Thus, C?-smooth changing of |J,(x)| between a;/as and 1 leads to the
contradiction with the initial assumptions. Therefore, |Jy(z)| =1 for = € G
which proves part 4 of the proof of Lemma 3 under conditions of the present
lemma. O

LEMMA 5. Suppose that Gf] + &, G?c # &, and g(Q) = f(Q) = Q. Let
operator A be normal and condition |ay| # |as| hold. Then gf(z) = fg(x)
forall x € Q.
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Proof. 1t follows from Lemma 4 that transformations ¢ and f has
form (2.1).

By definition, D(A) = {u € W(Q) : Bu = 0}. Therefore, by condition
9(Q) = f(Q) = @ and form (2.1) of transformations g and f we get Aju, Asu,
Aju, Asu € D(A) if u € D(A). Then by the theorem on smoothness of
generalized solutions of elliptic equations near the boundary ([9], Chap. 2,
Sec. 5, Theorem 5.1) we obtain D(AA*) = D(A*A) = {u € WHQ) : Bu =

BAu = 0}.
By the normality of operator A we get
(4.25)

(Ao+A1+Ag) (Ag+ AT+ A u = (Ag+AT+A3) (Ag+ A1+ As)u,  u € D(AAY).

Form (2.1) of transformations g and f implies that equations (4.3)—(4.4) hold
identically in ). Combining this with Eq. (4.2) and considering the analogous
equation for f, we get

(426) AgAiu = A1Agu, AgAsu = AsAgu, u € D(AA*)

On the other hand, g~ !(y) = K 'y — K~'b. Since matrix K ! also is orthog-
onal, from equations (4.3)—(4.4) and identity |J,-1(x)| = 1 we get (using the
same reasoning for f):

(4.27) ApAju = AT Aou,  ApAju = A5Agu, u € D(AA").
Taking into account equations (4.26) and (4.27), from Eq. (4.25) we get
(A1 + A)) (AT + ADu = (AT + A5) (A1 + As)u, ue D(AAY).

Using Lemma 1 and identity |Jy(z)| = |Js(z)] = 1 (x € Q), for all u €
D(AA*) we obtain

(4.28) u(f (@) +ulg™ (@) = ulfg~ () + ulgf " (2)).

This implies that a couple of points {f~'g(z), g~' f(x)} coincides with a
couple {fg~'(z), gf *(z)} for all z € Q. Indeed, assume the contrary: sup-
pose that there exists a point zy € @ such that couples of points {f~'g(zy),
g f(zo)} and {fg~(x0), gf ' (xo)} are not the same. Then a set K(z") =
(£ g0, g~ Fao)} \ {9 (o), g~ (zu)} s not empty (clearly, it con-
sists of one or two points). Since transformations g and f are smooth, there
exists a neighborhood of the point 2° where inequalities between points
ftg(x), g7 f(x), fg~'(x), and gf~'(x) remain valid (however, equalities
can became violated). Denote y;(x) = f~1g(x) and yo(x) = ¢! f(x), then
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q
K(2°) = J{yi(z®)}, where 1 < p < g < 2. Choose any integer k such that
i=p

p < k < g Tt is possible to choose a ball Bays(x?) such that yi(Bas(z%)) N
f97H(Bas(2%)) = @ and yg(Bas(2°)) N gf~H(Bas(2")) = @. Introduce a func-
tion £ € C*(R") such that 0 < &(z) < 1 for any z € R, £(z) = 1 for
all x € yg(Bs(2?)), and supp& C yi(Bas(2")). Putting u = £(z), we get
u(fg~Hx)) = 0, u(gf (=) = 0, and u(yx(x)) = 1 for x € Bs(z"). There-
fore, for z € Bs(z") we get zero on the right-hand side of Eq. (4.28) while the
left-hand side is not less than one. This contradiction proves that considered
couples of points coincide for all x € Q.
Therefore, for any x € () at least one couple of equalities holds:

(4.29) fl9@) =fo ' (x), g ' f(x)=gf'(z),
(4.30) flg@)=gf M(x), g 'f(x)=fg ' (x).

Since g and f are one-to-one transformations, equalities (4.29) imply ¢*(z) =
f?(x) and equalities (4.30) imply gf(z) = fg(x).

At least one of equalities gf(x) = fg(z) and g*(z) = f?(x) holds for all
x € Q. Indeed, since g and f have form (2.1), either of equalities considered
is a linear system of equations. A solution of such a system is a hyperplane
of dimension n —r, where r is a rank of a system matrix. Clearly, if any point
x € () is a solution of at least one of these systems, then at least one system
has a zero rank matrix, therefore, at least one equality holds identically in
Q.

We claim that identity ¢?(x) = f?*(z) (x € Q) implies gf(z) = fg(z)
(r € Q). Indeed, since g and f have form (2.1), identity g*(z) = f*(z) (z €
Q) implies K? = C?%. As matrix K? is orthogonal, it can be expressed in a
form K? = S71US, where S is some orthogonal matrix, det S # 0, and matrix
U = diag(\i, Aa, . . ., \,) is diagonal with eigenvalues of K2 on its main diag-
onal, and |\;| = 1,4 =1,...,n. Matrix U is defined uniquely up to permuta-
tion of diagonal elements and matrix S is defined uniquely up to permutation
of rows. Put Q = S71VS, where V = diag(v/ A1, VA2, . .., vV An). It is obvious
that Q% = K2 and @ is orthogonal matrix defined up to values of roots v/\;.
We claim that there are no other orthogonal matrices whose square equals
K?2. Indeed, suppose that there exists an orthogonal matrix P such that
P # Q and P? = K% Then P = T7'WT, where W = diag(j1, 2, - - - , fin),
il = 1,4 = 1,...,n. Hence P?> = T~ diag(u?, u3,...,u2)T = K?. Since
representation K2 = S71US is unique up to permutation of diagonal ele-
ments in U and rows in S, we see that {u?, u3,..., 02} = {A1, Ao, .., A}
and T coincides with S up to permutation of rows. Therefore, P = (). Thus,
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identity K2 = C? implies representations K = S~!diag(y1, 72, ...,7)S and
C = S~'diag(dy,d9,...,0,)S such that 4?2 = 62 = X\;, i = 1,...,n. This
implies that KC' = C'K. From expressions (2.1) we get ¢gf(x) = fg(z) + h
for all x € @, where h = Kd+b— (Cb+d). As gf(Q) = fg(Q) = Q, we
obtain h =0 and gf(x) = fg(z) (r € Q). O

REMARK 3. For example, transformations g and f of form (2.1) sat-
isfying identity gf(z) = fg(x) are rotations around the same axis in R3.
Both identities g f (x) = fg(x) and g*(x) = f*(x) hold for transformations of
rotation around the same azis in R? by angles o and 7 + «.

LEMMA 6. Suppose that G # @, G} # @, g(Q) = f(Q) = Q, trans-
formations g(x) and f(z) have form (2.1), and identity fg(z) = gf(x) holds
for all x € Q. Then operator A is normal.

Proof. By definition, D(A) = {u € WZ(Q) : Bu = 0}. Therefore,
under conditions of the lemma we get Aju, Asu, Aju, Asu € D(A) if u €
D(A). Then by the theorem on smoothness of generalized solutions of elliptic
equations near the boundary ([9], Ch. 2, Sec. 5, Theorem 5.1) we obtain
D(AA*) = D(A*A) = {u € W3(Q) : Bu= BAu = 0}.

By virtue of Lemma 2 it is sufficient to prove that

= (A; + Ap) Agu + Ag(AT + AS)u, u € D(AAY).

By conditions of the lemma, transformations g and f have form (2.1). In
the same way as in the proof of Lemma 5 we get (4.26) and (4.27). These
equalities imply (4.31). O

EXAMPLE 4. Let us consider an example of operator A being not nor-
mal when the condition for commutativity of transformations g and f is not
fulfilled while the other conditions of Lemma 6 hold. Consider domain () and
transformations g and f introduced in Fxample 1. In this case all the con-
ditions of Lemma 6 are fulfilled except for the condition of commutativity.
Put u(xy, 29, 13) = (21 + 22)&(x), where & € C*(R?) is a cut-off function
such that 0 < & < 1, &(z) =1 for v € Qo and £(z) = 0 for z ¢ Q..
(Here Q. C @ and dist(0Q., 0Q) > €.) It is obvious that u € D(AA*) and
the left-hand and the right-hand sides of Eq. (4.31) become zeros. Then the
normality of A becomes equivalent to the normality of Ay + Ay for this func-
tion u. Since all the conditions of Lemma 2 also are fulfilled except for the
condition of commutativity, it follows from Example 1 that operator A+ A,
is normal if and only if Eq. (3.2) holds for all v € Ly(Q) and z € Q. It is
obvious that u € Ly(Q). Choosing x = (0, 0, 1)T and taking into account
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calculations made in Example 1, we see that Eq. (3.2) is violated. Therefore,
under such conditions operator A is not normal.

Lemmas 4, 5, and 6 prove Theorem 1.

5. Proof of Theorem 2.
LEMMA 7. Suppose that G = @ and G} = @. Then g(Q) = f(Q) = Q.
Let operator A be normal and condztzon ay + as # 0 hold. Then:

a1 (|g(@)] = [Jo(2)| 1) + a3 ([T (2)] = |Js(@)| 1) = 0,
(5.1) reGynGy,
[o(@)] = [Jp(@)] =1, =€ Q\(G;NGy).

Note that the second relation from (5.1) is a special case of the first.

Proof. First, we prove that G2 @ implies g(Q) = Q. Since under the
initial assumptions ¢(Q) C @, it is sufﬁ(nent to prove that @ C ¢(@). Indeed,
for any z € @ we have x = ¢g?(x) whence g~'(z) = g(z) € Q. Therefore, any
point € @ has an original in Q. Thus, ¢~ }(Q) C Q whence Q@ C ¢(Q).
Analogously, G% = @ implies f(Q) = Q.

As operator A is normal, we have D(AA*) = D(A*A) and Eq. (4.25)
holds.

1. Suppose that for some point 2° € G; N G} relation g(z°) # f(x°) holds
(and so g~ (2%) # f~'(2")). Sets G, and G are open, therefore, there exists
a neighborhood Bys(2°) such that Bas(2°) C Gy NG Since transformations
g and f are smooth, choose § > 0 such that Bys(z°) N g(Bays(2°)) = o,
Bzé( °)N f(Bza(fUO)) =@, g(Bas(2°)) N f(Bas(2")) = @, and [~ (Bae(x")) N
Y(By.(2')) = @. Introduce a cut-off function £ € C*°(R") such that 0 <
( ) <
X

1, &(z) = 1 for z € Bs(2°), and supp& C Bas(zY). It is obvious that
Bs(20)) € @ and f~1(Bas(2%)) C Q. Therefore, £ € D(AA*).
Combining Eq. (4.25) for u = £(z), condition g(x) # f(x) for z €

Bas(2°), definition of £(x), and identities g(z) = g '(x) and f(z) = f~'(x)

for z € Q, we obtain for x € Bs(x°)

(5:2) ai|Jy-1(9(@))| + a3l Jp-1 (f ()] = ailJg-1 ()] + a3| Tp-1 ()]
By virtue of properties |J,(z)|-|J,~1(g(z))] = 1 and ]Jf(:c)] A (f(z))| =1

for # € Q and identities g(z) = ¢g7'(x) and f(z) = f~(z) for z € Q, from
Eq. (5.2) we obtain the first of relations (5.1):

ay (|Jg(x)] = |Jg(@)| ") + a3 ([Tp (@) = [J(z)| ) =0, =z € Bs(a").
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2. Suppose that for some point 2% € G|, NG there exists € such that g(z) =
f(x) for x € By (2°) (and so g~ *(z) = f~(z)). Choose § < ¢ such that
Bss(a) € GyNGY, Bays(2°)Ng(Bas(2°)) = @, and Bas(2°) N f(Bas (7)) = 2.

We get g7 '(z) = f~(z) for x € g(Bas(x")). By definition, g(é;) = é;,
therefore, g(Gl) G,. Hence g(ng( %)) € G;NG;. Since G = G = @, we
have g(z) = g~ (z) and f(x) = f~Y(z) for x € Q. Therefore,

(5.3) g(x) =g x) = f(z) = f(2), x € Bos(2%) U g(Bas(2°)),

and [Bas(2°) U g(Bas(2%))] € Gy NG

Introduce a cut-off function £ € C*°(R"™) such that 0 < {(z) < 1, {(z) =
1 for z € Bs(2%), and supp& C Bas(2?). Taking into account Eq. (5.3), for
x € Bs(2°) we get:

Ay Asn(x) = aras| Ty (g(2))|E(f 7 g(2) = araa] Jp-1(g(x))] = araa] Jy(g(x))],
Ay Ain(x) = arag] Jy1 (f(2))1€(g7" () = aras|Jy-1 (f(2))] = araa| Jy(g(2))],
A} Agn(z) = arag] Jy (2)|E(fg ™ () = arag| Jy—1 ()] = ayas] Jy(2)],
A5 Ain(x) = arag] Jy1 (2)|E(gf 7 (2)) = araz]Jp-1(2)] = avag|Jy(z)].

Combining these expressions with Eq. (4.25) for v = {(x) and taking into
account Eq. (5.3), for z € Bs(2°) we get

(a1 + a2)*|Jg(g(2))] = (a1 + az)*|Jy(2)],
(a1 + a2)*| Ty (f(2))| = (a1 + a2)?| T ().

Using properties |Jy(z)| - |Jy-1(g(2))] = 1 and |Js(z)| - |Jp-1(f(x))| = 1 for
x € () and taking into account that a; +as # 0, we get |J,(x)| = |J¢(z)| =1
for x € Bs(x").

From parts 1 and 2 and from the smoothness of |J (x)| and |J(x)] it
follows that the first relation from (5.1) holds for all z € G} N G7.

3. By definition, f(z) = z holds for x € é}, therefore, g(z) # f(x) for
z € G\ G. Suppose that G} \ G} is not empty. As this set is open, we
get |Jy(z)| = 1 for z € G} \ G}. For any point 2° € G} \ G} there exists a
neighborhood Bys(2°), such that Bys(2°) C Gy \ G}. Choose d > 0 such that
Bas(x") N g(Bas(2°)) = @, and g(Bas(2°)) N f(Bas(2?)) = @. Considering
equation analogous to Eq. (5.2), we obtain af|J,-1(g(z))| = af|J,-1(z)| for
z € Bs(2°). Combining this with | Jy(z)]-|J,-1(g(z))| = 1 and g(z) = g~ (x),
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we get |J,(z)] =1 for x € Bs(z?). Since point z° is arbitrary, this holds for
ze Gy \G_} In the set G \G_; we obtain the analogous result: |J;(z)| = 1.

By definition, Q \ (G, UG}) = {z € Q : g(z) = , f(z) = x}. Therefore,
if this set has a non-empty interior, we have |Jy(z)| = 1 and |[J¢(z)| = 1
there.

Sets G} and G are open, therefore, for any point y € dG} or y € 9G}
at the limit we get |J,(y)| =1 and |J¢(y)| = 1. O

LEMMA 8. Suppose that G? = @ and G = @. Let conditions |Jy(z)| = 1
and |J¢(x)| =1 hold for x € Q). Then operator A is self-adjoint.

Proof. Under conditions of this lemma it follows from Lemma 1 (taking
into account that g(z) = g~ !(z) and f(x) = f~}(z) for z € Q) that A, = A}
and A; = Aj. Since operator Ay is self-adjoint, operator A also is self-adjoint.
0

Lemmas 7 and 8 prove Theorem 2.

6. Proof of Theorem 3.

LEMMA 9. Suppose that G, # @, G7 = @, and g(Q) = Q. Let operator
A be normal. Then:

1). g(x) = Kx+b, x € Q, where K is an orthogonal matriz of n x n
size, K* £ E, and b € R".

2). F(Q) = Q and [Jp(x) =1, v € Q.

Proof. First, we prove the first statement of the lemma. Consider trans-
formation ¢g. Analogously to the proof of Lemma 3, choose a point 2° € Gg.
Properties (A1) and (A2) hold at this point. There exists a neighborhood
Bys(2°) C G2 satisfying properties (B1) and (B2).

1. In the same way as in the part 1 of the proof of Lemma 3, suppose that
at the point x° properties (A3)—(A8) hold, therefore, we can choose § > 0
sufficiently small so that corresponding properties (B3)—(B8) hold. Since
condition G} = @ implies that f(z) = f~'(x) for x € Q, properties (A4)
and (A5) coincide as well as properties (B4) and (B5) corresponding them.

All the further reasoning from part 1 of the proof of Lemma 3 remains
valid. According to it, transformation g is linear in the neighborhood Bj(z?)
of the point z° and is described by Eq. (4.10).

2. Analogously to the proof of Lemma 3, we consider different cases where
properties (A3)—(A8) are violated. All the cases where properties (A3), (A6),
(A7), and (A8) get violated one at a time are considered in the same way
as in the corresponding parts 2, 5, 6, and 7 of the proof of Lemma 3. The
case where either property (A4) or (A5) get violated is considered in the
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same way as in part 10 of the proof of Lemma 3 because these properties
are equivalent under conditions of the present lemma. In the last case no
conditions on coefficients a; and a is used.

Due to relation f(z) = f~'(z) for all z € Q and the equivalency of (A4)
and (A5), only the following combinations of properties (A3)-(AS8) are pos-
sible: (A4) and (A5) (already considered) , (46) and (A8), (A6) and (A7),
(A3) and (A7), and (A3) and (AS8) (see part 8 of the proof of Lemma 3). All
the combinations except for the first are considered in the same way as in
part 9 of the proof of Lemma 3 and reduced to combinations of corresponding
particular cases.

As a result, the proof of Lemma 3 is repeated taking into account condi-
tion f(z) = f~1(x) for x € Q which proves the first statement of the present
lemma.

Now we prove the second statement of the lemma. Consider transforma-
tion f. By virtue of condition G3 = & we get f(x) = f~!(z) for all x € Q and
f(Q) = Q (as was proved in Lemma 7). Choose any point z° € G;NG and a

neighborhood Bas(x?) such that Bas(20) C GiNGY, Bas(x”)Ng(Bas(2°)) = @,
Bas(2°) N g7 (Bas(2°)) = @, and Bas(2°) N f(Bas(a?)) = 2.

3. Suppose that f(z°) # g(2°) and f~1(z°) # g~ (2°). Then choose ¢ > 0
such that also g(Bas(2%))N f(Bas(2°)) = @ and £~ (Bac(a')) g~ (B () =
@. Introduce a cut-off function &€ € C*°(R") such that 0 < &(z) < 1, &(z) = 1
for z € Bs(z"), and supp & C Bags(2?). It is obvious that £ € D(A*A).

Since operator A is normal (as expressed by Eq. (4.25)), by definition
of Bas(2°) and u = £(z) we obtain Eq. (5.2) for x € Bs(z?). By the first
statement of the present lemma, transformation g has form (2.1). Therefore,
|Jy(z)| = |Jy~1(z)] = 1 for + € Q. Taking this into account as well as
identities f(z) = f~H(x) and |Jp(z)| - |Jp-1(z)] = 1 for z € Q, from Eq. (5.2)
we get |Jp(z)| =1 for € Bs(a").

4. Suppose that f(z) = g(z) and f~'(z) # g~ '(z) for z € Sy C Gy NGY,
where 5] is a set either with non-empty or empty interior. Then by the first
statement of this lemma we get f(z) = g(z) = Kx+0b for z € Sy, where K is
an orthogonal matrix of n x n size such that K? # E and b € R™. Therefore,
|J¢(z)| =det K =1 for z € S; \ 05.

5. Suppose that f~'(z) = ¢g~'(x) and f(z) # g(z) for x € S, C G} NG,
where S; is a set either with non-empty or empty interior. Then we get
flx) = f[Yx) = g7} (z) = K'o — K7'b for & € Sy. Therefore, |J¢(x)| =
det K=t =1 for z € Sy \ 9.
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6. Suppose that f(z) = g(z) and f~'(x) = g~ '(z) for x € S5 C G N GY,
where S3 is some set. Then ¢°(z) = z for € S, i. e., S5 C G7. By the first
statement of this lemma, we get G C dG? (also see part 11 of the proof
of Lemma 3). Therefore, S3 C 8G3. Set S3 has empty interior and we shall
consider it below in part 9 of this proof.

7. By definition, for x € Q \ G we have f(z) = z whence |Js(z)] = 1 for
reQ\ Gy

8. By definition, for x € G} \ G} we have f(z) # x and g(z) = z. By the
first statement of the lemma, we get (NJ; ={z€Q:z= Kz+ b}, therefore,
set é; belongs to a hyperplane of dimension r < n—1, where r is an order of

eigenvalue 1 of matrix K. This implies that CNJ; C 0G| whence G\ Gy C Gy,
therefore, set G’} \ G; has empty interior and will be considered in part 9 of
this proof.

9. Parts 3-5 and 7 imply that |J¢(z)| = 1 for all z € @ excluding some
set with empty interior. This set consists of 057, 05, S3, and 8G}. By the
smoothness of |J;(z)|, at the limit we also get |J;(z)| =1 in this set. O

LEMMA 10. Suppose that G}, # @, G} = &, and g(Q) = Q. Let operator
A be normal. Then gf(z) = fg(x), x € Q.

Proof. From Lemma 9 it follows that transformations g and f have
form (2.3).

By definition, D(A) = {u € WZ(Q) : Bu = 0}. As was proved in
Lemma 7, condition G% = & implies f(Q) = Q. Then by conditions g(Q) =
f(Q) = Q and (2.3) we get Ayu, Asu, Aju, Asu € D(A) if u € D(A).
Therefore by the theorem on smoothness of generalized solutions of elliptic
equations near the boundary ([9], Chap. 2, Sec. 5, Theorem 5.1) we obtain
D(AA*) = D(A*A) = {u € W3 (Q) : Bu= BAu = 0}.

Since transformation ¢ has form (2.3), equations (4.3)—(4.4) hold identi-
cally in @). In the same way as in the proof of Lemma 5, combining this with
Eq. (4.2), we get

(61) A()Alu = Aleu, AUATU = ATA()U, u € D(AA*)

On the other hand, under conditions of the lemma we have va = O,
whence f(z) = f~!(z) for all z € Q. Taking this into account, from (2.3) we
get Ay = Aj. Therefore,

(62) AoAQU, = AoA;U,, AQA()'U, = A;Aou, u € D(AA*)
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Combining equations (6.1) and (6.2) with Eq. (4.25), in the same way
as in the proof of Lemma 5 we get Eq. (4.28). Repeating the reasoning from
the proof of Lemma 5, we prove that for any x € () at least one of equalities
¢*(z) = f*(x) and gf(x) = fg(z) holds. But the first of them can only be
fulfilled when z € ég because f?(x) = x for all x € Q. By Lemmas 3 and 9,

G? C OG?. Therefore, identity gf(z) = fg(x) holds for x € G2 and by the

smoothness of g and f it is extended to G_ff =Q. O
LEMMA 11. Suppose that Gg #3,G% =2, and g(Q) = Q. Let condition
fg(x) = gf(x) hold for x € Q) and let transformations g and f have form

g(x) =Kz +b, x€Q,
[Jp(x)| =1, z€Q.

where K is an orthogonal matriz of n x n size, K* # E and b € R™. Then
operator A is normal and f(Q) = Q.

Proof. As was proved in Lemma 7, statement f(Q) = @ follows from
condition fo = . In the same way as in the proof of Lemma 6, we get
D(AA*) = D(A*A) = {u € WHQ) : Bu= BAu = 0}. All the conditions of
Lemma 2 are fulfilled, therefore, operator A; + Ay is normal in Ly(Q). Now
it is sufficient to prove that Eq. (4.31) holds.

It can be proved that operator A, is self-adjoint in the same way as in
the proof of Lemma 8. So Ay = A} in Ly(Q). In the same way as in the proof
of Lemma 6, we obtain Eq. (4.26). This proves Eq. (4.31) and completes the
proof. 0O

Lemmas 9, 10, and 11 prove Theorem 3.
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