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Introduction. A field transformation in the two-dimensional feedback
in a nonlinear optical system leads to multi-petal waves generation [1, 2].
Those light structures arise in contemporary computer technology developing
optical analogues of neuron nets. The mathematical model of such a system
is described by bifurcation of periodic solutions for quasi-linear parabolic
functional differential equation with transformation of spatial variables g(x).
In [3, 4] this problem is considered in the case where the spatial domain Q is
a circle or a ring and the transformation of spatial variables g is a rotation by
some angle θ. An arbitrary domain Q ⊂ R2 and an arbitrary transformation
g were considered in [5, 6]. In these works the linearized elliptic functional
differential operator was assumed to be normal. In [7] necessary and sufficient
conditions for the normality were obtained in terms of properties of domain
Q ⊂ Rn and transformation g. A more general case without the assumption
of normality was considered in [8].
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It was proved [6] that the normality of the linearized elliptic functional
differential operator of this problem is equivalent to the existence of orthonor-
mal basis consisting of eigenfunctions of this operator. This result also is valid
for such operator with two transformations of variables.

In this work necessary and sufficient conditions for normality of the lin-
earized operator were obtained in the case of two transformations of spatial
variables. Such operator has a system of eigenfunctions forming an orthonor-
mal basis in L2(Q) if and only if the operator is normal.

1. Formulation of the problem. Let Q ⊂ Rn be a bounded domain
with the boundary ∂Q ⊂ C∞, n ≥ 2, and let g and f be one-to-one trans-
formations of class C3 such that

g : V ⊂ Rn → g(V ) ⊂ Rn, |Jg(x)| 6= 0, x ∈ V,

f : V ⊂ Rn → f(V ) ⊂ Rn, |Jf (x)| 6= 0, x ∈ V,

where V is a bounded domain such that Q ⊂ V, Jg(x) = [∂gi/∂xj]
n
i,j=1 is the

Jacobi matrix of transformation g, and |Jg(x)| = | det Jg(x)|. Also we assume
that the following holds:

(1.1) g(Q) ⊂ Q, f(Q) ⊂ Q.

Consider an unbounded operator A0 : L2(Q) → L2(Q) with the domain
D(A0) = {v ∈ W 2

2 (Q) : Bv = 0} defined by the formula A0v = ∆v, v ∈
D(A0). Here W k

2 (Q) denotes the Sobolev space of complex-valued functions
in L2(Q) such that all of their generalized derivatives up to k-th order belong
L2(Q), Bv = v|∂Q or Bv = (∂v/∂ν)|∂Q, and ν is a unit vector normal to ∂Q at
a point x ∈ ∂Q. It is well-known that A0 is a self-adjoint operator. Consider
an operator A : L2(Q) → L2(Q) such that A = A0 + A1 + A2, where A1 and
A2 are linear bounded operators defined on the whole space L2(Q) as follows:

A1 : L2(Q) → L2(Q), A1v(x) = a1v(g(x)),

A2 : L2(Q) → L2(Q), A2v(x) = a2v(f(x)),

where a1 6= 0 and a2 6= 0 are real numbers.

An operator A is said to be normal if D(AA∗) = D(A∗A) and AA∗v =
A∗Av for all v ∈ D(A∗A). Put D(A) = D(A0).

Introduce sets Gm
g = {x ∈ Q : gm(x) 6= x}, m = 1, 2, . . . . Here gm(x)

denotes transformation g applied m times. Denote G̃m
g = Q \Gm

g . We write
a superposition of transformations in the form like fg(x), g−1f(x), etc.
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2. The main results.
Theorem 1. Suppose that G2

g 6= ∅ and G2
f 6= ∅. Moreover, let condi-

tions g(Q) = f(Q) = Q and |a1| 6= |a2| hold. Then operator A is normal if
and only if

g(x) = Kx + b, f(x) = Cx + d, x ∈ Q,(2.1)

gf(x) = fg(x), x ∈ Q,(2.2)

where K and C are orthogonal matrices of n× n size such that K2 6= E and
C2 6= E, b, d ∈ Rn.

Theorem 2. Suppose that G2
g = ∅ and G2

f = ∅. Then g(Q) = f(Q) = Q

and:
1. If operator A is normal and condition a1 + a2 6= 0 holds, then{

a2
1 (|Jg(x)| − |Jg(x)|−1) + a2

2 (|Jf (x)| − |Jf (x)|−1) = 0, x∈G1
g ∩G1

f ,

|Jg(x)|= |Jf (x)|= 1, x∈Q \ (G1
g ∩G1

f ).

2. If |Jg(x)| = |Jf (x)| = 1 for any x ∈ Q, then A is normal and self-
adjoint operator.

Theorem 3. Suppose that G2
g 6= ∅ and G2

f = ∅. Moreover, let g(Q) =
Q. Then f(Q) = Q and operator A is normal if and only if

g(x) = Kx + b, |Jf (x)| = 1, x ∈ Q,(2.3)

gf(x) = fg(x), x ∈ Q,

where K is an orthogonal matrix of n×n size such that K2 6= E and b ∈ Rn.

3. Some auxiliary statements.
Lemma 1. Adjoint operator A∗

1 is described by the following formula:

(3.1) A∗
1v(x) =

{
a1|Jg−1(x)|v(g−1(x)) for x ∈ g(Q),

0 for x ∈ Q \ g(Q),

where Jg−1(x) is Jacobi matrix for transformation g−1. The proof is obvious:
it is sufficient to change the integration variable in the L2(Q) scalar product.
Adjoint operator A∗

2 is described analogously.
Remark 1. Since D(A0)=D(A∗

0) and linear operators Ak, A
∗
k : L2(Q) →

L2(Q) are bounded, k = 1, 2, we have D(A) = D(A∗) = D(A0).
Lemma 2. Suppose that g(Q) = f(Q) = Q and the following conditions

hold for any x ∈ Q:

|Jf−1(x)| = |Jf−1(f(x))|, |Jg−1(x)| = |Jg−1(g(x))|,
|Jf−1(x)| = |Jf−1(g(x))|, |Jg−1(x)| = |Jg−1(f(x))|,

fg(x) = gf(x).
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Then operator A1 + A2 is normal.
Proof. Using Lemma 1, for any function v(x) ∈ L2(Q) we get

A∗
1A1v(x) = a2

1|Jg−1(x)|v(x), A∗
2A1v(x) = a1a2|Jf−1(x)|v(gf−1(x)),

A∗
2A2v(x) = a2

2|Jf−1(x)|v(x), A∗
1A2v(x) = a1a2|Jg−1(x)|v(fg−1(x)),

A1A
∗
1v(x) = a2

1|Jg−1(g(x))|v(x), A1A
∗
2v(x) = a1a2|Jf−1(g(x))|v(f−1g(x)),

A2A
∗
2v(x) = a2

2|Jf−1(f(x))|v(x), A2A
∗
1v(x) = a1a2|Jg−1(f(x))|v(g−1f(x)).

Conditions fg(x) = gf(x) and g(Q) = f(Q) = Q imply relations f−1g(x) =
gf−1(x), fg−1(x) = g−1f(x), and f−1g−1(x) = g−1f−1(x) for all x ∈ Q.

Hence, taking into account the conditions imposed on jacobians, we get

(A1 + A2)(A
∗
1 + A∗

2) v(x) = (A∗
1 + A∗

2)(A1 + A2) v(x), v(x) ∈ L2(Q),

which proves the lemma.
Remark 2. From the identity |Jg(x)| · |Jg−1(g(x))| = 1, it follows that

the condition |Jg−1(x)| = |Jg−1(g(x))| (x ∈ Q) is equivalent to the condi-
tion |Jg−1(x)| = |Jg(x)|−1 (x ∈ Q). Hence we see that condition |Jg−1(x)| =
|Jg−1(f(x))| (x ∈ Q) is equivalent to condition |Jg(x)| = |Jg(f(x))| (x ∈ Q).
Additionally using an identity |Jg−1(x)| · |Jg(g

−1(x))| = 1, we see that condi-
tions |Jgp(x)| = |Jgp(gq(x))|, where p, q ∈ {−1, 1} and x ∈ Q, are equivalent.
The analogous conclusion is valid for the conditions on |Jf (x)| and |Jf−1(x)|.

Example 1. Consider an example demonstrating operator A1+A2 being
not normal in the case of transformations g and f being non-commutative.
Put Q = {x ∈ R3 : x2

1 + x2
2 + x2

3 < 4} and let g and f be rotations around
axes x1 and x2 respectively:

g(x) =




1 0 0
0 cos ϕ − sin ϕ

0 sin ϕ cos ϕ







x1

x2

x3


 ,

f(x) =




cos ψ 0 − sin ψ

0 1 0
sin ψ 0 cos ψ







x1

x2

x3


 .

Put ϕ = ψ = π/3 and fix a point x0 = (0, 0, 1)T . We get (see Fig. 1):

f−1g(x0) = f−1(0, −
√

3/2, 1/2)T = (
√

3/4, −
√

3/2, 1/4)T ,

gf−1(x0) = g(
√

3/2, 0, 1/2)T = (
√

3/2, −
√

3/4, 1/4)T ,

g−1f(x0) = g−1(−
√

3/2, 0, 1/2)T = (−
√

3/2,
√

3/4, 1/4)T ,

fg−1(x0) = f(0,
√

3/2, 1/2)T = (−
√

3/4,
√

3/2, 1/4)T .
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We have all the conditions of Lemma 2 except for the commutativity of
transformations g and f fulfilled. As it was obtained in the proof of Lemma 2,
the normality of operator A1 + A2 is equivalent to the equality

(3.2) v(f−1g(x)) + v(g−1f(x)) = v(fg−1(x)) + v(gf−1(x))

for all v ∈ L2(Q) and almost all x ∈ Q. Choose x = x0. It is obvious that
there exist functions v ∈ L2(Q) not satisfying Eq. (3.2). Therefore, operator
A1 + A2 is not normal.

- x1

6

x2

r

r

r

r

r

−
√

3
2
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3
4

√
3

4

√
3
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−
√

3
2

−
√

3
4

√
3

4

√
3

2

x0

g−1f(x0)

fg−1(x0)

f−1g(x0)

gf−1(x0)

Fig. 1

4. Proof of Theorem 1.
Lemma 3. Suppose that G2

g 6= ∅, G2
f 6= ∅, and g(Q) = f(Q) = Q. Let

operator A be normal and conditions a1a2 < 0 and a1 + a2 6= 0 hold. Then

g(x) = Kx + b, f(x) = Cx + d, x ∈ Q.

Here K and C are orthogonal matrices of n× n size such that K2 6= E and
C2 6= E, b, d ∈ Rn.

Proof. We produce the proof for transformation g (transformation f is
considered analogously). By the definition, sets Gm

g (m = 1, 2) are open and
G2

g ⊂ G1
g. Fix a point x0 ∈ G2

g. By the definition of sets Gm
g , for x = x0 the

following inequalities take place:

(A1) g(x) 6= x, (A2) g2(x) 6= x.
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Since g(Q) = Q, it is easy to see that g(G̃2
g) = G̃2

g whence g(G2
g) = G2

g.

Choose some δ > 0 such that B2δ(x0) ⊂ G2
g and the following conditions

hold:

(B1) B2δ(x
0) ∩ g(B2δ(x

0)) = ∅, (B2) B2δ(x
0) ∩ g2(B2δ(x

0)) = ∅.

1. Suppose that for x = x0 the following inequalities are valid:

f(x) 6= x,(A3)

g(x) 6= f−1(x),(A5)

g(x) 6= fg(x),(A7)

g(x) 6= f(x),(A4)

g2(x) 6= f(x),(A6)

g−1(x) 6= f−1g(x).(A8)

Since transformations g and f are continuous, we can choose δ > 0 small
enough to satisfy the following conditions:

B2δ ∩ f(B2δ) = ∅,(B3)

g(B2δ) ∩ f−1(B2δ) = ∅,(B5)

g(B2δ) ∩ fg(B2δ) = ∅,(B7)

g(B2δ) ∩ f(B2δ) = ∅,(B4)

g2(B2δ) ∩ f(B2δ) = ∅,(B6)

g−1(B2δ) ∩ f−1g(B2δ) = ∅.(B8)

where B2δ = B2δ(x
0).

Now we generalize the method used in [7]. Introduce a function ξ ∈
Ċ∞(Rn) such that 0 ≤ ξ(x) ≤ 1 for all x ∈ Rn, ξ(x) = 1 for all x ∈ g(Bδ(x

0)),
and supp ξ ⊂ g(B2δ(x

0)). Put u = ξP, where P is a polynomial. It is obvious
that u ∈ D(A∗A). Consider AA∗u(x) and A∗Au(x). By the definition of
function ξ(x) for x ∈ Bδ(x

0) we get:

A0A2u(x) = 0, A2A0u(x) = 0 by condition (B4),

A0A
∗
1u(x) = 0, A∗

1A0u(x) = 0 by condition (B2),

A0A
∗
2u(x) = 0, A∗

2A0u(x) = 0 by condition (B5),

A1A
∗
1u(x) = 0, A∗

1A1u(x) = 0 by condition (B1),

A2A
∗
2u(x) = 0, A∗

2A2u(x) = 0 by condition (B1),

A1A
∗
2u(x) = 0 by condition (B7),

A∗
1A2u(x) = 0 by condition (B8),

A2A
∗
1u(x) = 0 by condition (B6),

A∗
2A1u(x) = 0 by condition (B3).

Since operator A is normal, we have AA∗u(x) = A∗Au(x) whence

A0A1u(x) = A1A0u(x), x ∈ Bδ(x
0).
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Therefore,

(4.1) ∆u(g(x)) = (∆u)(g(x)), x ∈ Bδ(x
0).

Differentiating composite function u(g(x)), from (4.1) we obtain:

(4.2)
n∑

i=1

n∑
r,s=1

ugrgs(g(x))grxi
(x)gsxi

(x)

+
n∑

i=1

n∑
r=1

ugr(g(x))grxixi
(x) =

n∑
r=1

ugrgr(g(x)), x ∈ Bδ(x
0)

Put P (x) equal to (xk − gk(x
0))2 and (xk − gk(x

0))(xm − gm(x0)), where
k 6= m. Then from (4.2) we get:

n∑
i=1

g2
kxi

(x0) = 1, k = 1, . . . , n,(4.3)

n∑
i=1

gkxi
(x0)gmxi

(x0) = 0, k,m = 1, . . . , n, k 6= m.(4.4)

Equations (4.3) and (4.4) can be written in a matrix form:

(4.5) Jg(x
0)JT

g (x0) = E.

Therefore,

(4.6) JT
g (x0)Jg(x

0) = E.

Expand (4.6) to a coordinate form:

n∑
i=1

∂gi(x
0)

∂xk

∂gi(x
0)

∂xm

= δkm.

Differentiating this equation with respect to xl, we get

(4.7)
n∑

i=1

∂2gi(x
0)

∂xk∂xl

∂gi(x
0)

∂xm

+
n∑

i=1

∂gi(x
0)

∂xk

∂2gi(x
0)

∂xl∂xm

= 0.

Cyclically permuting indices k, l, and m in (4.7), we get

(4.8)
n∑

i=1

∂2gi(x
0)

∂xm∂xk

∂gi(x
0)

∂xl

+
n∑

i=1

∂gi(x
0)

∂xm

∂2gi(x
0)

∂xk∂xl

= 0.
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(4.9)
n∑

i=1

∂2gi(x
0)

∂xl∂xm

∂gi(x
0)

∂xk

+
n∑

i=1

∂gi(x
0)

∂xl

∂2gi(x
0)

∂xm∂xk

= 0.

Summing Eq. (4.7) and Eq. (4.8) and subtracting Eq. (4.9), we obtain

2
n∑

i=1

∂2gi(x
0)

∂xk∂xl

∂gi(x
0)

∂xm

= 0, k, l,m = 1, . . . , n.

Thus, for any fixed k and l we get a homogeneous system of linear
algerbaic equations with the determinant |Jg(x

0)| 6= 0. Hence

∂2gi(x
0)

∂xk∂xl

= 0, i, k, l = 1, . . . , n.

Putting P (x) equal to (xk − gk(x
B))(xm − gm(xB)), where k, m = 1, . . . , n

and xB is an arbitrary point from the ball Bδ(x
0), we obtain these equalities

for any point xB ∈ Bδ(x
0). Therefore, gi(x) is a linear function of variables

x1, . . . , xn, in the neighborhood of point x0:

(4.10) g(x) = Kx0

x + bx0

, x ∈ Bδ(x
0).

By virtue of Eq. (4.5) matrix Kx0
is orthogonal.

Now we consider different cases where some of inequalities (A3)–(A8) get
violated. This leads to certain equalities and, since transformations g and
f are smooth, such equalities hold on closed sets. For any boundary point
of such sets we can build a sequence of outer points tending to this point.
Proceeding to limit, we extend Eq. (4.10) to all boundary points. Below we
consider the cases where inequalities (A3)–(A8) are violated in closed sets
with non-empty interior. Inequalities (A1) and (A2) and conditions (B1)
and (B2) remain valid for all cases considered below.

2. Let inequality (A3) be violated in a neighborhood of a point x0 ∈ G2
g:

(A3) f(x) = x, ∀x ∈ B2δ(x
0) ⊂ G2

g

while inequalities (A4)–(A8) remain valid. Choose some small δ > 0 such
that conditions (B4)–(B8) hold and condition (B3) is violated. Introduce a
cut-off function ξ(x) on the domain g(B2δ(x

0)) in the same way as in part 1
of the proof. Put u = ξP, where P is a polynomial. Since condition (B3) is
violated, we have for x ∈ Bδ(x

0)

A∗
2A1u(x) 6= 0.
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Taking into account (A3), for x ∈ Bδ(x
0) we get

(4.11) A∗
2A1u(x) = a1a2|Jf−1(x)|u(gf−1(x)) = a1a2u(g(x)).

Since operator A is normal, in the same way as in part 1 for x ∈ Bδ(x
0) we

get

A0A1u(x) + A∗
2A1u(x) = A1A0u(x).

Let P (x) be equal to (xk−gk(x
0))(xm−gm(x0)), where k, m = 1, . . . , n. Since

ξ(x) = 1 when x ∈ Bδ(x
0), we get

u(g(x)) = (gk(x)− gk(x
0))(gm(x)− gm(x0)),[

u(g(x))
]
xi

= gkxi
(x)(gm(x)− gm(x0)) + gmxi

(x)(gk(x)− gk(x
0))

whence we obtain

(4.12) u(g(x))
∣∣∣
x=x0

=
[
u(g(x))

]
xi

∣∣∣
x=x0

= 0.

Combining equations (4.11) and (4.12), we get

A∗
2A1u(x)

∣∣
x=x0 = 0,

therefore,

(4.13) A0A1u(x)
∣∣
x=x0 = A1A0u(x)

∣∣
x=x0 .

Putting P (x) equal to (xk − gk(x
B))(xm − gm(xB)), where k, m = 1, . . . , n

and xB is an arbitrary point from the ball Bδ(x
0), we obtain Eq. (4.13) for

any point xB ∈ Bδ(x
0). Hence we have Eq. (4.1) for all points x ∈ Bδ(x

0).
Then we get Eq. (4.10) in the same way as in part 1 of the proof.

3. Let inequality (A4) be violated in a neighborhood of a point x0 ∈ G2
g:

(A4) g(x) = f(x), ∀x ∈ B2δ(x
0) ⊂ G2

g

while inequalities (A3) and (A5)–(A8) remain valid. Choose some small
δ > 0 such that conditions (B3) and (B5)–(B8) hold and condition (B4) is
violated. Introduce a cut-off function ξ(x) on the domain g(B2δ(x

0)) in the
same way as in part 1 of the proof. Put u = ξP, where P is a polynomial.
Since condition (B4) is violated, we have for x ∈ Bδ(x

0)

A0A2u(x) 6= 0, A2A0u(x) 6= 0.
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Taking into account (A4), for x ∈ Bδ(x
0) we get

A0A2u(x) = a2∆u(f(x)) = a2∆u(g(x)),

A2A0u(x) = a2(∆u)(f(x)) = a2(∆u)(g(x)).

Since operator A is normal, in the same way as in part 1 of the proof for
x ∈ Bδ(x

0) we get

A0A1u(x) + A0A2u(x) = A1A0u(x) + A2A0u(x),

(a1 + a2)∆u(g(x)) = (a1 + a2)(∆u)(g(x)).

Since we postulated that a1+a2 6= 0, we have (4.1). Then we obtain Eq. (4.10)
in the same way as in part 1 of the proof.

4. Let inequality (A5) be violated in a neighborhood of a point x0 ∈ G2
g:

(A5) g(x) = f−1(x), ∀x ∈ B2δ(x
0) ⊂ G2

g

while inequalities (A3)–(A4) and (A6)–(A8) remain valid. Choose some
small δ > 0 such that conditions (B3)–(B4) and (B6)–(B8) hold and con-
dition (B5) is violated. Introduce a cut-off function ξ(x) on the domain
g(B2δ(x

0)) in the same way as in part 1 of the proof. Put u = ξP, where P

is a polynomial. Since condition (B5) is violated, for x ∈ Bδ(x
0) we get

A0A
∗
2u(x) 6= 0, A∗

2A0u(x) 6= 0.

Taking into account (A5), for x ∈ Bδ(x
0) we get

A0A
∗
2u(x) = ∆

[
a2|Jf−1(x)|u(f−1(x))

]
= ∆

[
a2|Jg(x)|u(g(x))

]
,

A∗
2A0u(x) = a2|Jf−1(x)|(∆u)(f−1(x)) = a2|Jg(x)|(∆u)(g(x)).

Since operator A is normal, in the same way as in part 1 of the proof for
x ∈ Bδ(x

0) we get

A0A1u(x) + A∗
2A0u(x) = A1A0u(x) + A0A

∗
2u(x),

a1∆u(g(x)) + a2|Jg(x)|(∆u)(g(x)) = a1(∆u)(g(x)) + ∆
[
a2|Jg(x)|u(g(x))

]
.

Applying the rule

∆[v(x)w(x)] = ∆v(x)w(x) + 2(∇v(x),∇w(x)) + v(x)∆w(x)
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and grouping terms, for x ∈ Bδ(x
0) we get

(4.14) ∆u(g(x))
(
a1 − a2|Jg(x)|

)
−

n∑
i=1

[
2a2|Jg(x)|xi

[
u(g(x))

]
xi

+ a2|Jg(x)|xixi
u(g(x))

]
= (∆u)(g(x))

(
a1 − a2|Jg(x)|

)
.

Let P (x) be equal to (xk−gk(x
0))(xm−gm(x0)), where k, m = 1, . . . , n. Since

ξ(x) = 1 when x ∈ Bδ(x
0), we get Eq. (4.12). Therefore, at the point x = x0

Eq. (4.14) takes form
(4.15)[

∆u(g(x))
(
a1 − a2|Jg(x)|

)]∣∣∣∣
x=x0

=
[
(∆u)(g(x))

(
a1 − a2|Jg(x)|

)]∣∣∣∣
x=x0

.

Since condition a1a2 < 0 holds under assumptions of the lemma, we have
a1 − a2|Jg(x)| 6= 0. Therefore,

∆u(g(x))
∣∣∣
x=x0

= (∆u)(g(x))
∣∣∣
x=x0

.

Putting P (x) equal to (xk−gk(x
B))(xm−gm(xB)), where k, m = 1, . . . , n and

xB is an arbitrary point from the ball Bδ(x
0), we obtain the last equation for

any point xB ∈ Bδ(x
0). Hence we have Eq. (4.1) for any point x ∈ Bδ(x

0).
Then we get Eq. (4.10) in the same way as in part 1 of the proof.

5. Let inequality (A6) be violated in a neighborhood of a point x0 ∈ G2
g:

(A6) g2(x) = f(x), ∀x ∈ B2δ(x
0) ⊂ G2

g

while inequalities (A3)–(A5) and (A7)–(A8) remain valid. Choose some
small δ > 0 such that conditions (B3)–(B5) and (B7)–(B8) hold and condi-
tion (B6) is violated. Introduce a cut-off function ξ(x) on the ball g(B2δ(x

0))
in the same way as in part 1 of the proof. Put u = ξP, where P is a polyno-
mial. Since condition (B6) is violated, for x ∈ Bδ(x

0) we get

A2A
∗
1u(x) 6= 0.

Taking into account (A6), for x ∈ Bδ(x
0) we get

(4.16) A2A
∗
1u(x) = a1a2|Jg−1(f(x))|u(g−1f(x)) = a1a2|Jg−1(f(x))|u(g(x)).

Since operator A is normal, in the same way as in part 1 of the proof for
x ∈ Bδ(x

0) we get

A0A1u(x) = A1A0u(x) + A2A
∗
1u(x).
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Let P (x) be equal to (xk−gk(x
0))(xm−gm(x0)), where k, m = 1, . . . , n. Since

ξ(x) = 1 when x ∈ Bδ(x
0), from Eq. (4.12) and Eq. (4.16) we get

A2A
∗
1u(x)

∣∣
x=x0 = 0.

Combining two last equations, we obtain Eq. (4.13). Putting P (x) equal to
(xk − gk(x

B))(xm − gm(xB)), where k,m = 1, . . . , n and xB is an arbitrary
point from the ball Bδ(x

0), we obtain Eq. (4.13) for any point xB ∈ Bδ(x
0).

Hence we have Eq. (4.1) for all points x ∈ Bδ(x
0). Then we get Eq. (4.10) in

the same way as in part 1 of the proof.

6. Let inequality (A7) be violated in a neighborhood of a point x0 ∈ G2
g:

(A7) g(x) = fg(x), ∀x ∈ B2δ(x
0) ⊂ G2

g

while inequalities (A3)–(A6) and (A8) remain valid. Choose some small δ > 0
such that conditions (B3)–(B6) and (B8) remain valid and condition (B7)
is violated. Introduce a cut-off function ξ(x) on the ball g(B2δ(x

0)) in the
same way as in part 1 of the proof. Put u = ξP, where P is a polynomial.
Since condition (B7) is violated, for x ∈ Bδ(x

0) we get

A1A
∗
2u(x) 6= 0.

Taking into account (A7), for x ∈ Bδ(x
0) we get

(4.17) A1A
∗
2u(x) = a1a2|Jf−1(g(x))|u(f−1g(x)) = a1a2|Jf−1(g(x))|u(g(x)).

Since operator A is normal, in the same way as in part 1 of the proof for
x ∈ Bδ(x

0) we get

A0A1u(x) = A1A0u(x) + A1A
∗
2u(x).

Let P (x) be equal to (xk−gk(x
0))(xm−gm(x0)), where k, m = 1, . . . , n. Since

ξ(x) = 1 when x ∈ Bδ(x
0), from Eq. (4.12) and Eq. (4.17) we get

A1A
∗
2u(x)

∣∣
x=x0 = 0.

Combining two last equations, we obtain (4.13). Putting P (x) equal to
(xk − gk(x

B))(xm − gm(xB)), where k,m = 1, . . . , n and xB is an arbitrary
point from the ball Bδ(x

0), we obtain Eq. (4.13) for any point xB ∈ Bδ(x
0).

Hence we have Eq. (4.1) for all points x ∈ Bδ(x
0). Then we get Eq. (4.10) in

the same way as in part 1 of the proof.
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7. Let inequality (A8) be violated in a neighborhood of a point x0 ∈ G2
g:

(A8) g−1(x) = f−1g(x), ∀x ∈ B2δ(x
0) ⊂ G2

g

while inequalities (A3)–(A7) remain valid. Choose some small δ > 0 such
that conditions (B3)–(B7) remain valid and condition (B8) is violated. Intro-
duce a cut-off function ξ(x) on the ball g(B2δ(x

0)) in the same way as in part 1
of the proof. Put u = ξP, where P is a polynomial. Since condition (B8) is
violated, for x ∈ Bδ(x

0) we get

A∗
1A2u(x) 6= 0.

Taking into account (A8), for x ∈ Bδ(x
0) we get

(4.18) A∗
1A2u(x) = a1a2|Jg−1(x)|u(fg−1(x)) = a1a2|Jg−1(x)|u(g(x)).

Since operator A is normal, in the same way as in part 1 of the proof for
x ∈ Bδ(x

0) we get

A0A1u(x) + A∗
1A2u(x) = A1A0u(x).

Let P (x) be equal to (xk−gk(x
0))(xm−gm(x0)), where k, m = 1, . . . , n. Since

ξ(x) = 1 when x ∈ Bδ(x
0), from Eq. (4.12) and Eq. (4.18) we get

A∗
1A2u(x)

∣∣
x=x0 = 0.

Combining two last equations, we obtain (4.13). Putting P (x) equal to
(xk − gk(x

B))(xm − gm(xB)), where k,m = 1, . . . , n and xB is an arbitrary
point from the ball Bδ(x

0), we obtain Eq. (4.13) for any point xB ∈ Bδ(x
0).

Hence we have Eq. (4.1) for all points x ∈ Bδ(x
0). Then we get Eq. (4.10) in

the same way as in part 1 of the proof.

8. Now we consider the relation between the following group properties of
transformations g and f :

f(x) = x,(A3)

g(x) = f−1(x),(A5)

g(x) = fg(x),(A7)

g(x) = f(x),(A4)

g2(x) = f(x),(A6)

g−1(x) = f−1g(x)(A8)

for all x ∈ B2δ(x
0) ⊂ G2

g (condition (A2) holds).
Example 3 given below illustrates all possible combinations of properties

(A3)–(A8) under the assumption that property (A2) holds. Fig. 2 shows
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that there exist transformations g and f satisfying any combination of prop-
erties (A5), (A6), and (A8) including the combination where none of these
properties hold. Property (A4) is not consistent either with property (A6)
or (A8) because otherwise property (A2) would be violated. Properties (A4)
and (A5) can be combined (see Fig. 3) leading to property f 2(x) = x. Prop-
erty (A7) is not consistent either with property (A4), (A5), or (A8) because
otherwise property (A2) would be violated. Properties (A7) and (A6) can
be combined as shown in Fig. 4. Property (A3) is not consistent either with
property (A4), (A5), or (A6) because otherwise property (A2) would be vi-
olated. Properties (A3) and (A7) can be combined (see Fig. 5) as well as
properties (A3) and (A8) (see Fig. 6). Thus, the only possible cases are the
following: any combinations (including empty one) of (A5), (A6), and (A8);
(A4) and (A5); (A6) and (A7); (A3) and (A7); finally, (A3) and (A8).

9. Let some combination of properties (A3)–(A8) hold in a neighborhood of a
point x0 ∈ G2

g. Suppose that this combination is not (A4)–(A5). In that case,
combining corresponding parts of the proof 2 and 5–7, we analogously obtain
Eq. (4.13). Putting P (x) equal to (xk−gk(x

B))(xm−gm(xB)), where k, m =
1, . . . , n and xB is an arbitrary point from Bδ(x

0), we establish Eq. (4.13)
for any point xB ∈ Bδ(x

0). Hence we obtain Eq. (4.1) for any point x ∈
Bδ(x

0). Then we obtain Eq. (4.10) in the same way as in part 1 of the proof.
Therefore, if conditions (A4) and (A5) hold in a neighborhood of a point
x0 ∈ G2

g, then transformation g has form (4.10) in this neighborhood, in
particular, |Jg(x)| = 1.

10. Let inequalities (A4) and (A5) be violated in a neighborhood of a point
x0 ∈ G2

g:

g(x) = f(x), ∀x ∈ B2δ(x
0) ⊂ G2

g,(A4)

g(x) = f−1(x), ∀x ∈ B2δ(x
0) ⊂ G2

g(A5)

while inequalities (A3) and (A6)–(A8) remain valid. Choose some small δ > 0
such that conditions (B3) and (B6)–(B8) remain valid and conditions (B4)
and (B5) are violated. Introduce a cut-off function ξ(x) on the ball g(B2δ(x

0))
in the same way as in part 1 of the proof. Put u = ξP, where P is a
polynomial. Since conditions (B4) and (B5) are violated, for x ∈ Bδ(x

0) we
get

A0A2u(x) 6= 0, A2A0u(x) 6= 0,

A0A
∗
2u(x) 6= 0, A∗

2A0u(x) 6= 0.
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Since operator A is normal, in the same way as in part 1 of the proof for
x ∈ Bδ(x

0) we get

A0A1u(x) + A0A2u(x) + A∗
2A0u(x) = A1A0u(x) + A2A0u(x) + A0A

∗
2u(x).

Combining the reductions made in parts 3 and 4 of the proof, from this
equation we get

(4.19)
[
∆u(g(x))

(
a1 + a2 − a2|Jg(x)|

)]∣∣∣∣
x=x0

=
[
(∆u)(g(x))

(
a1 + a2 − a2|Jg(x)|

)]∣∣∣∣
x=x0

.

This implies two cases: either Eq. (4.1) holds for x = x0 or, when a1/a2 > −1,
we get

(4.20) |Jg(x)|
∣∣∣
x=x0

=
a1

a2

+ 1.

Under assumptions of the lemma we have a1a2 < 0 and a1 + a2 6= 0 but a
set {(a1, a2) : a1/a2 > −1, a1a2 < 0, a1 + a2 6= 0} is non-empty, therefore,
it is possible that Eq. (4.20) holds while Eq. (4.1) does not hold.1 Putting
P (x) equal to (xk − gk(x

B))(xm − gm(xB)), where k, m = 1, . . . , n and xB is
an arbitrary point from the ball Bδ(x

0), we obtain Eq. (4.19) for any point
xB ∈ Bδ(x

0). We claim that Eq. (4.20) actually does not hold on any subset
of Bδ(x

0) with non-empty interior.

Indeed, suppose that Eq. (4.20) holds for any x ∈ Bδ(x
0). By defini-

tion, B2δ(x
0) ⊂ G2

g. Properties (A4) and (A5) imply f(x) = f−1(x) for

x ∈ B2δ(x
0), therefore, B2δ(x

0) ⊂ G̃2
f . By the definition of sets G2

g and G̃2
f

and by virtue of (A4), we have g(B2δ(x
0)) ⊂ G2

g and g(B2δ(x
0)) ⊂ G̃2

f .

Properties (A4) and (A5) imply g−1(x) = f(x) and g−1(x) = f−1(x) for
x ∈ g(B2δ(x

0)). We claim that g(B2δ(x
0)) ∩ B2δ(x

0) = ∅. Indeed, assuming
the contrary we get g(x) = f−1(x) and g−1(x) = f(x) for x ∈ g(B2δ(x

0)) ∩
B2δ(x

0). Since g(B2δ(x
0)) ∩ B2δ(x

0) ⊂ G̃2
f , for x ∈ g(B2δ(x

0)) ∩ B2δ(x
0)

we have also f(x) = f−1(x) whence g(x) = g−1(x). This contradicts rela-
tion g(B2δ(x

0)) ∩ B2δ(x
0) ⊂ G2

g and proves that g(B2δ(x
0)) ∩ B2δ(x

0) = ∅.

Combining g−1(x) = f(x), g−1(x) = f−1(x), and g(x) 6= g−1(x), we get

1 If we impose a restriction a1/a2 ≤ −1, then we also should require a2/a1 ≤ −1 because
it is needed to consider transformation f analogously. But the set {(a1, a2) : a1/a2 ≤ −1,
a2/a1 ≤ −1, a1a2 < 0, a1 + a2 6= 0} is empty.
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g(x) 6= f−1(x) and g(x) 6= f(x) for x ∈ g(B2δ(x
0)). Therefore, according to

part 9 of the proof, |Jg(x)| = 1 for x ∈ g(B2δ(x
0)). Suppose that Eq. (4.20)

holds, i.e., |Jg(x))| = 1 + a1/a2 for x ∈ Bδ(x
0). Then, using the well-known

Jacobian relation, we get |Jg−1(x)| = a2

a1+a2
for x ∈ g(Bδ(x

0)). This means
that |Jf (x)| = |Jf−1(x)| = a2

a1+a2
for x ∈ g(Bδ(x

0)). Choose a point x1 ∈
g(Bδ(x

0)) and a ball B2ε(x
1) ⊂ g(Bδ(x

0)) such that g(B2ε(x
1))∩B2ε(x

1) = ∅,

g−1(B2ε(x
1)) ∩ B2ε(x

1) = ∅, and g(B2ε(x
1)) ∩ f(B2ε(x

1)) = ∅. Introduce a
cut-off function η ∈ Ċ∞(Q) such that 0 ≤ η(x) ≤ 1 for x ∈ Q, η(x) = 1
for x ∈ Bε(x

1), and supp η ⊂ B2ε(x
1). Since operator A is normal, we have

AA∗η = A∗Aη. Taking into account that g(x) 6= g−1(x) = f−1(x) = f(x) for
x ∈ B2ε(x

1), by definitions of B2ε(x
1) and η(x) for x ∈ Bε(x

1) we get:

A0A1η(x) = ∆[a1η(g(x))] = 0, A1A0η(x) = a1(∆η)(g(x)) = 0,

A0A2η(x) = ∆[a2η(f(x))] = 0, A2A0η(x) = a2(∆η)(f(x)) = 0,

A1A
∗
1η(x) = a2

1|Jg−1(g(x))|, A2A
∗
2η(x) = a2

2|Jf−1(f(x))|,
A∗

1A1η(x) = a2
1|Jg−1(x)|, A∗

2A2η(x) = a2
2|Jf−1(x)| = a2

2|Jg−1(x)|,
A0A

∗
1η(x) = ∆[a1|Jg−1(x)|η(g−1(x))] = 0,

A0A
∗
2η(x) = ∆[a2|Jf−1(x)|η(f−1(x))] = 0,

A∗
1A0η(x) = a1|Jg−1(x)|(∆η)(g−1(x)) = 0,

A∗
2A0η(x) = a2|Jf−1(x)|(∆η)(f−1(x)) = 0,

A1A
∗
2η(x) = a1a2|Jf−1(g(x))|η(f−1g(x)) = 0,

A2A
∗
1η(x) = a1a2|Jg−1(f(x))|η(g−1f(x)) = 0,

A∗
1A2η(x) = a1a2|Jg−1(x)|η(fg−1(x)) = a1a2|Jg−1(x)|,

A∗
2A1η(x) = a1a2|Jf−1(x)|η(gf−1(x)) = a1a2|Jf−1(x)| = a1a2|Jg−1(x)|.

Combining these equations with AA∗η = A∗Aη and using property |Jg(x)| ·
|Jg−1(g(x))| = 1 (the same for f) and relations g−1(x) = f−1(x) = f(x), for
x ∈ Bε(x

1) we get

a2
1|Jg−1(g(x))|+ a2

2|Jf−1(f(x))|
= a2

1|Jg−1(x)|+ a2
2|Jf−1(x)|+ a1a2|Jg−1(x)|+ a1a2|Jf−1(x)|,

whence a2
1|Jg(x)|−1 + a2

2|Jf (x)|−1 = (a1 + a2)
2|Jf (x)|. Inserting the values of

the jacobians, we obtain

a2
1 + a2

2

(
1 +

a1

a2

)
= (a1 + a2)

2 a2

a1 + a2

which yields a1 = 0. This contradicts the initial assumptions and proves that
Eq. (4.20) actually does not hold.
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Therefore, Eq. (4.1) holds for x = x0. Putting P (x) equal to (xk −
gk(x

B))(xm − gm(xB)), where k,m = 1, . . . , n and xB is an arbitrary point
from the ball Bδ(x

0), we obtain Eq. (4.13) for any point xB ∈ Bδ(x
0). Hence

we have Eq. (4.1) for all points x ∈ Bδ(x
0). Then we get Eq. (4.10) in the

same way as in part 1 of the proof.

11. In parts 2–10 it is proved that under conditions of the lemma Eq. (4.10)
holds for Bδ(x

0) ⊂ G2
g without any additional assumptions. Therefore,

(4.21) g(x) = Kjx + bj, x ∈ G2j
g ,

where G2j
g is an open connected component of set G2

g.

Since g(Q) = Q, we have g(G2
g) = G2

g. Therefore, if x ∈ G2j
g , then

g(x) ∈ G2m
g for some m = m(j). Moreover, since set G2j

g is connected, index
m is independent of x. Thus,

(4.22) g2(x) = KmKjx + Kmbj + bm, x ∈ G2j
g .

First, suppose that G2
g = Q. Then j takes on the only value j = 1.

Suppose that K2
1 = E. Then g2(x) = x + K1b

1 + b1 for x ∈ Q. Hence
K1b

1 + b1 = 0. Therefore, g2(x) = x for x ∈ Q. This contradicts condition
G2

g = Q. Thus, if G2
g = Q, then g(x) has form (2.1) where K = K1 and

K2 6= E.
Now suppose that G̃2

g 6= ∅. Then ∂G2
g ∩ Q = ∂G̃2

g ∩ Q. Consider a set
∂G2

g∩Q. Choose some z ∈ ∂G2j
g ∩Q. Proceeding Eq. (4.22) to limit as x → z

(x ∈ G2j
g ), we get

(4.23) KmKjz + Kmbj + bm = z.

If KmKj = E, then Kmbj + bm = 0. Hence g2(x) = x for x ∈ G2j
g . This

contradicts the definition of G2j
g . Therefore, the set ∂G2j

g ∩ Q belongs to a
hyperplane of dimension r ≤ n−1, where r is an order of eigenvalue λ = 1 of
matrix KmKj 6= E. (When r = n we would get KmKj = E, because KmKj

is orthogonal.) If λ = 1 is not an eigenvalue of matrix KmKj, then the set
∂G2j

g ∩Q consists of one point. As we supposed, g ∈ C3. At the same time,

g2(x) is a piecewise-linear function in Q. Therefore, G̃2
g ⊂ ∂G2

g. Thus, g(x)
also is a piecewise-linear function in Q. Therefore, g(x) has form (2.1) for
x ∈ Q. Moreover, since Kj = Km = K, we get r ≤ n − 2 and the set G2

g

consists of one connected component.2

2 We prove that r ≤ n − 2 as follows. Let matrix K have spectrum σ(K) =
n⋃

i=1

{λi},
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Example 2. Condition a1 + a2 6= 0 is essential in this lemma. Indeed,
if we have a1 + a2 = 0, then any (nonlinear) functions g(x) = f(x), x ∈ Q,

produce a normal operator Au(x) = ∆u(x).

Example 3. Let us consider examples for all possible combinations of
properties (A3)–(A8).

Transformations g and f illustrated in figures 2–6 are constructed as
follows. They transform a unit circle Q = {(x1, x2) ∈ R2 : x2

1 + x2
2 < 1} by a

quasi-rotation:

g : (x1, x2) 7→ (y1, y2),

{
y1 = r cos(ĝ(r, ϕ))
y2 = r sin(ĝ(r, ϕ))

,

ĝ(r, ϕ) = η(r)ϕ + (1− η(r))g(ϕ).

Here (x1, x2) and (y1, y2) are rectangular coordinates on the unit circle be-
fore and after transformation g; r and ϕ are polar coordinates correspond-
ing to rectangular coordinates (x1, x2); η ∈ Ċ∞(R+) is a strictly decreasing
cut-off function such that 0 ≤ η(r) ≤ 1 for any r ∈ R+, η(r) = 1 for
r ∈ (0, ε), and supp η ⊂ (0, 2ε), where ε is some sufficiently small number.
We choose strictly increasing functions g(ϕ) (for brevity denoting this func-
tion by the same symbol as transformation g) such that g ∈ C3([0, 2π]) and
g′(ϕ) > 0, ϕ ∈ [0, 2π]. Transformation f is defined analogously. Figures 2–6
show graphs of functions g(ϕ) and f(ϕ) represented modulo 2π (the functions
themselves are C3-smooth). These functions perform a one-to-one mapping
of a polar angle ϕ. Signs “ r” on the graphs denote ε-neighborhoods where
parts of graphs are coupled C3-smoothly by strictly increasing functions.

On the whole, we have g, f ∈ C3(Q) for the transformations introduced.
Indeed, when r ≥ ε, taking into account that ∂

∂x1
= cos(ϕ) ∂

∂r
− sin(ϕ)

r
∂

∂ϕ
,

∂
∂x2

= sin(ϕ) ∂
∂r

+ cos(ϕ)
r

∂
∂ϕ

, and ĝ(r, ϕ) ∈ C3([0, 1]× [0, 2π]), we obtain g, f ∈
C3([ε, 1] × [0, 2π]). When r < ε, we have ĝ(r, ϕ) = ϕ (whereby g is a lo-
cally identical transformation), therefore, at the point r = 0 transforma-
tion remains smooth, whence g, f ∈ C3(Q). Moreover, it is easy to see that
Jg(r, ϕ) = ∂

∂ϕ
ĝ(r, ϕ), whence |Jg(x)| 6= 0, |Jf (x)| 6= 0 for all x ∈ Q. Since

ĝ(r, ϕ) = g(ϕ) when r > 2ε, we see that for such r transformations g and f

are rotations by variable angle depending only on polar angle ϕ.

where |λi| = 1 by virtue of the orthogonality. Then σ(K2) =
n⋃

i=1

{λ2
i }. Since K2 6= E,

∃λ2
s 6= 1, i. e. ∃λs 6= ±1. That means Im λs 6= 0, therefore, ∃λm = λ̄s (because K has its

elements real) and λ2
m 6= 1. Thus, there exist two eigenvalues of K2 unequal 1, whence

r ≤ n− 2.
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Choose a function ω ∈ C3([0, 1]) such that ω(ϕ) ≥ 0 and |ω′(ϕ)| < 1 for
ϕ ∈ [0, 1], ω(0) = 0, ω(1) = 0, and ω(k)(0) = ω(k)(1) = 0, k = 1, 2, 3.

Consider functions g(ϕ) = ϕ + 2π/3 and f(ϕ) = ϕ + 4π/3 (see Fig. 2).
Transformations g and f corresponding them satisfy properties (A5), (A6),
and (A8) for ϕ ∈ (0, 2π/3) and r > 2ε. Set

f̃(ϕ) =

{
ϕ + 4π/3, ϕ ∈ [0, 2π/3] ∪ [4π/3, 2π],

ϕ + 4π/3 + 2π
3

ω
(

ϕ−2π/3
2π/3

)
, ϕ ∈ [2π/3, 4π/3].

It is easy to prove that f̃ ∈ C3([0, 2π]) and f̃ ′(ϕ) > 0, ϕ ∈ [0, 2π]. The graph
of f̃(ϕ) is shown in Fig. 2 as the thin curve marked (1). Transformations g

and f̃ corresponding functions g(ϕ) and f̃(ϕ) satisfy (A6), (A8), and (A5)
for ϕ ∈ (0, 2π/3) and r > 2ε. Property (A5) violates. In the same way,
replacing either function f(ϕ) on the interval (2π/3, 4π/3) (marked (1)),
function g(ϕ) on the interval (2π/3, 4π/3) (marked (2)), or function g(ϕ)
on the interval (4π/3, 2π) (marked (3)) by a C3-smooth strictly increasing
curve (using analogous functions g̃(ϕ) and f̃(ϕ)), we respectively violate prop-
erty (A5), (A6), or (A8) for ϕ ∈ (0, 2π/3) and r > 2ε. It is easy to see that
violating one of these properties does not affect the others. Thus, “switching
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on and off” (using or not curves (1), (2), or (3)) these properties in different
combinations, we obtain all the 8 possible combinations of them.

For any functions g(ϕ) and f(ϕ) considered below it is easy to prove that
g, f ∈ C3([0, 2π]) and g′(ϕ) > 0, f ′(ϕ) > 0, ϕ ∈ [0, 2π].
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Consider functions

g(ϕ) =

{
ϕ + π, ϕ∈ [0, π],

ϕ + π− πω
(

ϕ−π
π

)
, ϕ∈ [π, 2π],

f(ϕ) =





ϕ + π, ϕ∈ [0, π/2]∪ [π, 3π/2],

ϕ + π− π
2
ω

(
ϕ−π/2

π/2

)
, ϕ∈ [π/2, π],

ϕ + π− π
2
ω

(
ϕ− 3π/2

π/2

)
, ϕ∈ [3π/2, 2π]

(see Fig. 3). Transformations g and f corresponding them satisfy proper-
ties (A4) and (A5) for ϕ∈ (0, π/2) and r > 2ε. At the same time, combining
properties (A4) and (A5), we get f 2(x) = x for ϕ ∈ (0, π/2) and r > 2ε.
However, we see that Gf

2 6= ∅.

Consider functions

g(ϕ) =





3ϕ + 2π
3

, ϕ∈ [0, π/3],

ϕ + 4π
3

, ϕ∈ [π/3, 2π/3],
1
2
ϕ + 5π

3
, ϕ∈ [2π/3, 2π],

f(ϕ) =





ϕ, ϕ∈ [0, 2π/3],
3
2
ϕ− π

3
, ϕ∈ [2π/3, 4π/3],

1
2
ϕ + π, ϕ∈ [4π/3, 2π]

(see Fig. 4). Transformations g and f corresponding them satisfy proper-
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ties (A6) and (A7) for ϕ ∈ (2π/3, 2π) and r > 2ε. Functions

g(ϕ) = ϕ +
3π

2
, f(ϕ) =

{
ϕ, ϕ∈ [0, π/2]∪ [3π/2, 2π],

ϕ− πω
(

ϕ−π/2
π

)
, ϕ∈ [π/2, 3π/2]

(see Fig. 5) produce transformations g and f with properties (A3) and (A7)
for ϕ ∈ (0, π/2) and r > 2ε. Functions

g(ϕ) =





ϕ + π, ϕ∈ [0, π/2],

2ϕ + π
2
, ϕ∈ [π/2, π],

1
2
ϕ + 2π, ϕ∈ [π, 2π],

f(ϕ) =





ϕ, ϕ∈ [0, π/2],

2ϕ− π
2
, ϕ∈ [π/2, π],

1
2
ϕ + π, ϕ∈ [π, 2π]

(see Fig. 6) produce transformations g and f with properties (A3) and (A8)
for ϕ ∈ (0, π/2) and r > 2ε.

Next we prove a statement stronger than Lemma 3.

Lemma 4. Suppose that G2
g 6= ∅, G2

f 6= ∅, and g(Q) = f(Q) = Q. Let
operator A be normal and conditions a1−a2 6= 0 and a1 +a2 6= 0 hold. Then

g(x) = Kx + b, f(x) = Cx + d, x ∈ Q.

Here K and C are orthogonal matrices of n× n size such that K2 6= E and
C2 6= E, b, d ∈ Rn.

Proof. This Lemma states the same result as Lemma 3 while the assump-
tions are the same as in Lemma 3 except for condition a1a2 < 0 which is
changed to condition a1− a2 6= 0. Therefore, the proof totally coincides with
the proof of Lemma 3 except for part 4. This (and only this) part of the
proof of Lemma 3 uses condition a1a2 < 0. Now we shall obtain the same
result, using condition a1 − a2 6= 0.

1. Let assumptions from part 4 of the proof of Lemma 3 be fulfilled, i. e. in
a neighborhood of a point x0 ∈ G2

g property (A5) holds. In the same way as
in part 4 of the proof of Lemma 3 we obtain Eq. (4.15). Let us prove that
a1 − a2|Jg(x)| 6= 0 if a1 − a2 6= 0.

Since g(Q) = Q, g ∈ C3(Q), and |Jg(x)| 6= 0 for any x ∈ Q, transforma-
tion g : Q 7→ Q is a one-to-one mapping and g−1(Q) = Q. Denote the
measure of the set Q by |Q|. We can write:

|Q| =
∫

Q

dx =

∫

g−1(Q)

d(g(y)) =

∫

Q

|Jg(y)|dy, i. e.,

∫

Q

dx =

∫

Q

|Jg(x)|dx.
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This implies that if |Jg(x)| = const for x ∈ Q, then |Jg(x)| = 1. Since
|Jg(x)| ∈ C2(Q), if |Jg(x

0)| > 1 (or |Jg(x
0)| < 1) holds in some set, then

this set has a non-null measure. Therefore, if |Jg(x
0)| > 1 (or |Jg(x

0)| < 1)
holds in some set, then there exist a non-null set where |Jg(x

0)| < 1 (or
|Jg(x

0)| > 1) and a non-null set where |Jg(x)| changes C2-smoothly between
these values.

Suppose that a1 − a2|Jg(x
0)| = 0 holds at some x0 ∈ G2

g. Parts 2–10
of the proof of Lemma 3 imply that if x ∈ G2

g, then it is either |Jg(x)| = 1
or |Jg(x)| = a1/a2. Under conditions of the lemma a1 − a2 6= 0 whence
a1/a2 6= 1. That means there exists a set where |Jg(x)| changes C2-smoothly
between values a1/a2 and 1. But this set cannot intersect G2

g. Therefore,
|Jg(x)| = a1/a2 for all x ∈ Ḡ2,0

g , where Ḡ2,0
g is a closed connected component

of G2
g such that x0 ∈ Ḡ2,0

g . But equality |Jg(x)| = a1/a2 is possible only when

property (A5) holds, therefore, this property holds for all x ∈ Ḡ2,0
g . By H

denote the connected component of the set {x ∈ Q : g(x) = f−1(x)} such
that x0 ∈ H. It is obvious that H is a closed set. Then Ḡ2,0

g ⊆ H.

Let us consider where |Jg(x)| can change C2-smoothly between a1/a2

and 1.

2. Suppose that set H \ Ḡ2,0
g also has a non-empty interior. Then set (H \

Ḡ2,0
g ) ∩ G̃2

g has a non-empty interior. Choose a point x1 such that B2ε(x
1) ⊂

(H \Ḡ2,0
g )∩G̃2

g. If set (H \Ḡ2,0
g )∩G̃2

g contains points where |Jg(x)| 6= 1, this is
possible only when g(x) 6= x, therefore, choose x1 6= g(x1) and B2ε(x

1) such
that g(B2ε(x

1)) ∩ B2ε(x
1) = ∅. For x ∈ B2ε(x

1) we have g(x) = g−1(x) =
f−1(x). Therefore, f(x) 6= x should hold (otherwise f−1(x) = x = g(x)),
so choose B2ε(x

1) such that f(B2ε(x
1)) ∩ B2ε(x

1) = ∅. Introduce a cut-off
function η ∈ Ċ∞(Q) such that 0 ≤ η(x) ≤ 1 for x ∈ Q, η(x) = 1 for x ∈
Bε(x

1), and supp η ⊂ B2ε(x
1). By the normality of A we have AA∗η = A∗Aη.

By definitions of B2ε(x
1) and η(x), taking into account that g(x) = g−1(x) =

f−1(x), for x ∈ Bε(x
1) we get:

A0A1η(x) = ∆[a1η(g(x))] = 0, A1A0η(x) = a1(∆η)(g(x)) = 0,

A0A2η(x) = ∆[a2η(f(x))] = 0, A2A0η(x) = a2(∆η)(f(x)) = 0,

A1A
∗
1η(x) = a2

1|Jg−1(g(x))|, A2A
∗
2η(x) = a2

2|Jf−1(f(x))|,
A∗

1A1η(x) = a2
1|Jg−1(x)|, A∗

2A2η(x) = a2
2|Jf−1(x)| = a2

2|Jg−1(x)|,
A0A

∗
1η(x) = ∆[a1|Jg−1(x)|η(g−1(x))] = 0,

A0A
∗
2η(x) = ∆[a2|Jf−1(x)|η(f−1(x))] = 0,

A∗
1A0η(x) = a1|Jg−1(x)|(∆η)(g−1(x)) = 0,
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A∗
2A0η(x) = a2|Jf−1(x)|(∆η)(f−1(x)) = 0,

A∗
1A2η(x) = a1a2|Jg−1(x)|η(fg−1(x)) = a1a2|Jg−1(x)|,

A∗
2A1η(x) = a1a2|Jf−1(x)|η(gf−1(x)) = a1a2|Jf−1(x)| = a1a2|Jg−1(x)|.

a). Suppose that g(x) 6= f(x) for x ∈ B2ε(x
1). Then

A1A
∗
2η(x) = a1a2|Jf−1(g(x))|η(f−1g(x)) = 0,

A2A
∗
1η(x) = a1a2|Jg−1(f(x))|η(g−1f(x)) = 0.

By the normality of A this implies for x ∈ Bε(x
1)

a2
1|Jg−1(g(x))|+ a2

2|Jf−1(f(x))|
= a2

1|Jg−1(x)|+ a2
2|Jf−1(x)|+ a1a2|Jg−1(x)|+ a1a2|Jf−1(x)|,

a2
1|Jg(x)|−1 + a2

2|Jf (x)|−1 = (a1 + a2)
2|Jf (x)|.

As f(x) 6= f−1(x) for x ∈ B2ε(x
1), we get B2ε(x

1) ⊂ G2
f . Since f(x) 6= g−1(x)

for x ∈ B2ε(x
1), we obtain |Jf (x)| = 1 for x ∈ B2ε(x

1) (this follows from
parts 2–10 of the proof of Lemma 3). Therefore, |Jg(x)| = const for x ∈
Bε(x

1).

b). Suppose that g(x) = f(x) for x ∈ B2ε(x
1). Then

A1A
∗
2η(x) = a1a2|Jf−1(g(x))|, A2A

∗
1η(x) = a1a2|Jg−1(f(x))|.

By the normality of A this implies for x ∈ Bε(x
1)

a2
1|Jg−1(g(x))|+ a2

2|Jf−1(f(x))|+ a1a2|Jf−1(g(x))|+ a1a2|Jg−1(f(x))|
= a2

1|Jg−1(x)|+ a2
2|Jf−1(x)|+ a1a2|Jg−1(x)|+ a1a2|Jf−1(x)|,

(a1 + a2)
2|Jg(x)|−1 = (a1 + a2)

2|Jg(x)|

whence |Jg(x)| = 1 for x ∈ Bε(x
1).

Thus, |Jg(x)| = const for x ∈ (H \ Ḡ2,0
g ) ∩ G̃2

g. It is obvious that the

boundary of set (H \ Ḡ2,0
g ) ∩ G̃2

g partially coincides with boundary ∂Ḡ2,0
g .

Therefore, value |Jg(x)| = a1/a2 is extended from the set Ḡ2,0
g , i. e., |Jg(x)| =

a1/a2 for x ∈ (H \ Ḡ2,0
g ) ∩ G̃2

g. By the assumptions of lemma a1 6= a2, so
case 2.b is not realized. Therefore, case 2.a take place, moreover, it is
easy to prove that |Jg(x)| = a1/a2 only under condition a1 = a2(−1±√5)/2.

Therefore, the set (H\Ḡ2,0
g )∩G̃2

g either has empty interior (as well as H\Ḡ2,0
g ),

or it has a non-empty interior, |Jg(x)| = a1/a2 on this set, and a1 = a2(−1±√
5)/2 holds.
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Let the set (H \ Ḡ2,0
g ) ∩ G2

g have a non-empty interior. Then value
|Jg(x)| = a1/a2 extends to this set because |Jg(x)| is smooth. Thus, |Jg(x)| =
a1/a2 for all x ∈ H. At the same time, ∂H ⊂ G̃2

g. Indeed, otherwise there
should exist a subset of the set G2

g\H such that value |Jg(x)| = a1/a2 extends

from H to this subset while property (A5) does not hold on this subset, which
is impossible. Moreover, there exists an outer neighborhood of boundary of
the set H belonging to the set G̃2

g. Indeed, otherwise the set G2
g \ H has a

part of its boundary common with the set H, but |Jg(x)| = 1 for x ∈ G2
g \H,

which contradicts the smoothness of |Jg(x)|.
The same reasoning is valid when the set (H \ Ḡ2,0

g ) ∩ G2
g has empty

interior or the set (H \ Ḡ2,0
g ) ∩ G̃2

g has empty interior (H \ Ḡ2,0
g has empty

interior). Thus, at any case |Jg(x)| = a1/a2 for x ∈ H and there exist

an outer neighborhood of the set H belonging to the set G̃2
g. Denote this

neighborhood by O+(∂H).

3. Choose a point x1 ∈ O+(∂H) such that B2ε(x
1) ⊂ O+(∂H). Since

O+(∂H) ⊂ G̃2
g, we get g(x) = g−1(x) for x ∈ O+(∂H). As B2ε(x

1) ⊂ O+(∂H),
we have g(x) 6= f−1(x) for x ∈ B2ε(x

1). If set O+(∂H) contains points where
|Jg(x)| 6= 1, this is possible only when g(x) 6= x, therefore, choose x1 6= g(x1)
and B2ε(x

1) such that g(B2ε(x
1))∩B2ε(x

1) = ∅. Introduce a cut-off function
η ∈ Ċ∞(Q) such that 0 ≤ η(x) ≤ 1 for x ∈ Q, η(x) = 1 for x ∈ Bε(x

1), and
supp η ⊂ B2ε(x

1).

a). Suppose that f(x) = x for x ∈ B2ε(x
1). Then for x ∈ Bε(x

1) we get:

A0A1η(x) = ∆[a1η(g(x))] = 0, A0A
∗
1η(x) = ∆[a1|Jg−1(x)|η(g−1(x))] = 0,

A1A0η(x) = a1(∆η)(g(x)) = 0, A∗
1A0η(x) = a1|Jg−1(x)|(∆η)(g−1(x)) = 0,

A1A
∗
1η(x) = a2

1|Jg−1(g(x))|, A2A
∗
2η(x) = a2

2|Jf−1(f(x))| = a2
2,

A∗
1A1η(x) = a2

1|Jg−1(x)|, A∗
2A2η(x) = a2

2|Jf−1(x)| = a2
2,

A0A2η(x) = ∆[a2η(f(x))] = ∆[a2η(x)] = 0,

A0A
∗
2η(x) = ∆[a2|Jf−1(x)|η(f−1(x))] = ∆[a2η(x)] = 0,

A2A0η(x) = a2(∆η)(f(x)) = a2∆η(x) = 0,

A∗
2A0η(x) = a2|Jf−1(x)|(∆η)(f−1(x)) = a2∆η(x) = 0,

A1A
∗
2η(x) = a1a2|Jf−1(g(x))|η(f−1g(x)) = 0,

A2A
∗
1η(x) = a1a2|Jg−1(f(x))|η(g−1f(x)) = 0,

A∗
1A2η(x) = a1a2|Jg−1(x)|η(fg−1(x)) = 0,

A∗
2A1η(x) = a1a2|Jf−1(x)|η(gf−1(x)) = 0.
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By the normality of A we have AA∗η = A∗Aη whence for x ∈ Bε(x
1) we

obtain

a2
1|Jg−1(g(x))|+ a2

2 = a2
1|Jg−1(x)|+ a2

2.

Taking into account that g(x) = g−1(x) for x ∈ Bε(x
1), we get |Jg(x)| = 1

for x ∈ Bε(x
1).

b). Suppose that f(x) 6= x for x ∈ B2ε(x
1). Then choose ε such that

f(B2ε(x
1))∩B2ε(x

1) = ∅. Let relations f(x) 6= g(x) and f(x) 6= f−1(x) hold.
Then f(x) 6= g(x) = g−1(x) 6= f−1(x) and f(x) 6= f−1(x) for x ∈ B2ε(x

1).
Choose ε such that additionally f−1(B2ε(x

1)) ∩ B2ε(x
1) = ∅, f(B2ε(x

1)) ∩
g(B2ε(x

1)) = ∅, and f−1(B2ε(x
1)) ∩ g−1(B2ε(x

1)) = ∅. Then for x ∈ Bε(x
1)

we get:

A0A1η(x) = ∆[a1η(g(x))] = 0, A1A0η(x) = a1(∆η)(g(x)) = 0,

A0A2η(x) = ∆[a2η(f(x))] = 0, A2A0η(x) = a2(∆η)(f(x)) = 0,

A1A
∗
1η(x) = a2

1|Jg−1(g(x))|, A2A
∗
2η(x) = a2

2|Jf−1(f(x))|,
A∗

1A1η(x) = a2
1|Jg−1(x)|, A∗

2A2η(x) = a2
2|Jf−1(x)|,

A0A
∗
1η(x) = ∆[a1|Jg−1(x)|η(g−1(x))] = 0,

A0A
∗
2η(x) = ∆[a2|Jf−1(x)|η(f−1(x))] = 0,

A∗
1A0η(x) = a1|Jg−1(x)|(∆η)(g−1(x)) = 0,

A∗
2A0η(x) = a2|Jf−1(x)|(∆η)(f−1(x)) = 0,

A1A
∗
2η(x) = a1a2|Jf−1(g(x))|η(f−1g(x)) = 0,

A2A
∗
1η(x) = a1a2|Jg−1(f(x))|η(g−1f(x)) = 0,

A∗
1A2η(x) = a1a2|Jg−1(x)|η(fg−1(x)) = 0,

A∗
2A1η(x) = a1a2|Jf−1(x)|η(gf−1(x)) = 0.

By the normality of A we have AA∗η = A∗Aη whence for x ∈ Bε(x
1) we

obtain

a2
1|Jg−1(g(x))|+ a2

2|Jf−1(f(x))| = a2
1|Jg−1(x)|+ a2

2|Jf−1(x)|,
a2

1(|Jg(x)|−1 − |Jg(x)|) = a2
2(|Jf−1(x)| − |Jf (x)|−1).

As f(x) 6= f−1(x) for x ∈ B2ε(x
1), we get B2ε(x

1) ⊂ G2
f ; moreover, f(x) 6=

g−1(x), therefore, |Jf (x)| = 1 for x ∈ B2ε(x
1) (this follows from parts 2–

10 of the proof of Lemma 3). Also f−1(B2ε(x
1)) ⊂ G2

f . We claim that
f(y) 6= g−1(y) for y ∈ f−1(B2ε(x

1)). Assume the contrary: suppose that
there exists a point y∗ ∈ f−1(B2ε(x

1)) such that f(y) = g−1(y). Then there
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exists a point x∗ ∈ B2ε(x
1) such that f−1(x∗) = y∗. Hence f(f−1(x∗)) =

g−1(f−1(x∗)), thereby x∗ = g−1(f−1(x∗)) and g(x∗) = f−1(x∗). This con-
tradicts condition g(x) 6= f−1(x) for x ∈ B2ε(x

1), therefore, f(y) 6= g−1(y)
holds for y ∈ f−1(B2ε(x

1)). Since f−1(B2ε(x
1)) ⊂ G2

f and f(y) 6= g−1(y) for
y ∈ f−1(B2ε(x

1)), we get |Jf−1(x)| = |Jf (f
−1(x))| = 1 for x ∈ B2ε(x

1). Tak-
ing this into account, we obtain a2

1(|Jg(x)|−1−|Jg(x)|) = 0 whence |Jg(x)| = 1
for x ∈ B2ε(x

1).

c). Suppose that f(x) 6= x and f(x) = g(x), i. e., f(x) = g(x) = g−1(x) 6=
f−1(x) for x ∈ B2ε(x

1). Choose ε such that f(B2ε(x
1)) ∩ B2ε(x

1) = ∅,

f−1(B2ε(x
1)) ∩ B2ε(x

1) = ∅, and f−1(B2ε(x
1)) ∩ g−1(B2ε(x

1)) = ∅. Then
for x ∈ Bε(x

1) we get:

A0A1η(x) = ∆[a1η(g(x))] = 0, A1A0η(x) = a1(∆η)(g(x)) = 0,

A0A2η(x) = ∆[a2η(f(x))] = 0, A2A0η(x) = a2(∆η)(f(x)) = 0,

A1A
∗
1η(x) = a2

1|Jg−1(g(x))|, A2A
∗
2η(x) = a2

2|Jf−1(f(x))|,
A∗

1A1η(x) = a2
1|Jg−1(x)|, A∗

2A2η(x) = a2
2|Jf−1(x)|,

A0A
∗
1η(x) = ∆[a1|Jg−1(x)|η(g−1(x))] = 0,

A0A
∗
2η(x) = ∆[a2|Jf−1(x)|η(f−1(x))] = 0,

A∗
1A0η(x) = a1|Jg−1(x)|(∆η)(g−1(x)) = 0,

A∗
2A0η(x) = a2|Jf−1(x)|(∆η)(f−1(x)) = 0,

A1A
∗
2η(x) = a1a2|Jf−1(g(x))|η(f−1g(x)) = a1a2|Jf−1(g(x))|,

A2A
∗
1η(x) = a1a2|Jg−1(f(x))|η(g−1f(x)) = a1a2|Jg−1(f(x))|,

A∗
1A2η(x) = a1a2|Jg−1(x)|η(fg−1(x)) = 0,

A∗
2A1η(x) = a1a2|Jf−1(x)|η(gf−1(x)) = 0.

By the normality of A we have AA∗η = A∗Aη whence for x ∈ Bε(x
1) we

obtain

a2
1|Jg−1(g(x))|+ a2

2|Jf−1(f(x))|+ a1a2|Jf−1(g(x))|+ a1a2|Jg−1(f(x))|
= a2

1|Jg−1(x)|+ a2
2|Jf−1(x)|,

(a1 + a2)
2|Jg(x)|−1 − a2

1|Jg(x)| = a2
2|Jf−1(x)|.

In the same way as in the case b), we get |Jf−1(x)| = 1 whence |Jg(x)| = const
for x ∈ Bε(x

1).

d). Suppose that f(x) 6= x and f(x) = f−1(x), i. e., g(x) = g−1(x) 6=
f(x) = f−1(x) for x ∈ B2ε(x

1). Choose ε such that f(B2ε(x
1))∩B2ε(x

1) = ∅,

f−1(B2ε(x
1))∩B2ε(x

1) = ∅, f(B2ε(x
1))∩g(B2ε(x

1)) = ∅, and f−1(B2ε(x
1))∩
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g−1(B2ε(x
1)) = ∅. Then by the normality of A we get the same relations as

in the case b) whence for x ∈ Bε(x
1) we obtain

(4.24) a2
1(|Jg(x)|−1 − |Jg(x)|) = a2

2(|Jf (x)| − |Jf (x)|−1).

We see that jacobians |Jg(x)| and |Jf (x)| can change simultaneously while
this relation holds.

Denote the subsets of Q corresponding cases a), b), c), and d) by A, B,

C, and D respectively. It was proved that in setsA and B we have |Jg(x)| = 1.
Therefore, since |Jg(x)| is smooth, these sets cannot have boundaries coin-
ciding with the boundary of set H because |Jg(x)| = a1/a2 when x ∈ H. It
is easy to prove that in set C we get |Jg(x)| = 1 only if a1a2 = 0 and we
get |Jg(x)| = a1/a2 only if either a1/a2 equals −1 or the irrational number
1, 47... . In the last case set C can have its boundary coinciding with the
boundary of set H.

Therefore, set D has a part Γ of its boundary such that |Jg(x)| = a1/a2

for x ∈ Γ. This part of boundary can coincide either with ∂H or ∂C. Suppose
that z ∈ Γ. Then proceeding Eq. (4.24) to limit as x → z, we get |Jf (x)| =
(q +

√
q2 + 4)/2, where q = a1/a2−(a1/a2)

3. This implies that |Jf (x)| = 1 or
|Jf (x)| = a2/a1 only if |a1| = |a2| which is impossible under conditions of the

lemma. Therefore, Γ ⊂ G̃2
f . As |Jf (x)| is smooth, there exists a neighborhood

O(Γ) of Γ such that O(Γ) ⊂ G̃2
f . But C∩G̃2

f = ∅, therefore, set C cannot have
a part of its boundary where |Jg(x)| = a1/a2 coinciding with the boundary
of set D. Therefore, Γ ⊂ ∂H. Denote O−(Γ) = O(Γ) ∩H.

Consider a set O−(Γ) ∩ G̃2
g. We get g(x) = g−1(x) = f(x) = f−1(x) for

x ∈ O−(Γ) ∩ G̃2
g. In part 2.b it was proved that |Jf (x)| = 1 in this case.

Hence this set cannot approach closely to Γ, otherwise the smoothness of
|Jf (x)| would be violated. Therefore, the set O−(Γ)∩ G2

g with a non-empty
interior approaches closely to Γ. On the other hand, in part 10 of the proof
of Lemma 3 it was proved that in this case the normality of A implies a1 = 0
which contradicts the initial assumptions.

Thus, C2-smooth changing of |Jg(x)| between a1/a2 and 1 leads to the
contradiction with the initial assumptions. Therefore, |Jg(x)| = 1 for x ∈ G2

g

which proves part 4 of the proof of Lemma 3 under conditions of the present
lemma.

Lemma 5. Suppose that G2
g 6= ∅, G2

f 6= ∅, and g(Q) = f(Q) = Q. Let
operator A be normal and condition |a1| 6= |a2| hold. Then gf(x) = fg(x)
for all x ∈ Q.
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Proof. It follows from Lemma 4 that transformations g and f has
form (2.1).

By definition, D(A) = {u ∈ W 2
2 (Q) : Bu = 0}. Therefore, by condition

g(Q) = f(Q) = Q and form (2.1) of transformations g and f we get A1u,A2u,
A∗

1u,A∗
2u ∈ D(A) if u ∈ D(A). Then by the theorem on smoothness of

generalized solutions of elliptic equations near the boundary ([9], Chap. 2,
Sec. 5, Theorem 5.1) we obtain D(AA∗) = D(A∗A) = {u ∈ W 4

2 (Q) : Bu =
B∆u = 0}.

By the normality of operator A we get
(4.25)
(A0+A1+A2)(A0+A∗

1+A∗
2)u = (A0+A∗

1+A∗
2)(A0+A1+A2)u, u ∈ D(AA∗).

Form (2.1) of transformations g and f implies that equations (4.3)–(4.4) hold
identically in Q. Combining this with Eq. (4.2) and considering the analogous
equation for f, we get

(4.26) A0A1u = A1A0u, A0A2u = A2A0u, u ∈ D(AA∗).

On the other hand, g−1(y) = K−1y−K−1b. Since matrix K−1 also is orthog-
onal, from equations (4.3)–(4.4) and identity |Jg−1(x)| ≡ 1 we get (using the
same reasoning for f):

(4.27) A0A
∗
1u = A∗

1A0u, A0A
∗
2u = A∗

2A0u, u ∈ D(AA∗).

Taking into account equations (4.26) and (4.27), from Eq. (4.25) we get

(A1 + A2)(A
∗
1 + A∗

2)u = (A∗
1 + A∗

2)(A1 + A2)u, u ∈ D(AA∗).

Using Lemma 1 and identity |Jg(x)| = |Jf (x)| = 1 (x ∈ Q), for all u ∈
D(AA∗) we obtain

(4.28) u(f−1g(x)) + u(g−1f(x)) = u(fg−1(x)) + u(gf−1(x)).

This implies that a couple of points {f−1g(x), g−1f(x)} coincides with a
couple {fg−1(x), gf−1(x)} for all x ∈ Q. Indeed, assume the contrary: sup-
pose that there exists a point x0 ∈ Q such that couples of points {f−1g(x0),
g−1f(x0)} and {fg−1(x0), gf−1(x0)} are not the same. Then a set K(x0) =
{f−1g(x0), g−1f(x0)} \ {fg−1(x0), gf−1(x0)} is not empty (clearly, it con-
sists of one or two points). Since transformations g and f are smooth, there
exists a neighborhood of the point x0 where inequalities between points
f−1g(x), g−1f(x), fg−1(x), and gf−1(x) remain valid (however, equalities
can became violated). Denote y1(x) = f−1g(x) and y2(x) = g−1f(x), then
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K(x0) =
q⋃

i=p

{yi(x
0)}, where 1 ≤ p ≤ q ≤ 2. Choose any integer k such that

p ≤ k ≤ q. It is possible to choose a ball B2δ(x
0) such that yk(B2δ(x

0)) ∩
fg−1(B2δ(x

0)) = ∅ and yk(B2δ(x
0)) ∩ gf−1(B2δ(x

0)) = ∅. Introduce a func-
tion ξ ∈ Ċ∞(Rn) such that 0 ≤ ξ(x) ≤ 1 for any x ∈ Rn, ξ(x) = 1 for
all x ∈ yk(Bδ(x

0)), and supp ξ ⊂ yk(B2δ(x
0)). Putting u = ξ(x), we get

u(fg−1(x)) = 0, u(gf−1(x)) = 0, and u(yk(x)) = 1 for x ∈ Bδ(x
0). There-

fore, for x ∈ Bδ(x
0) we get zero on the right-hand side of Eq. (4.28) while the

left-hand side is not less than one. This contradiction proves that considered
couples of points coincide for all x ∈ Q.

Therefore, for any x ∈ Q at least one couple of equalities holds:

f−1g(x) = fg−1(x), g−1f(x) = gf−1(x),(4.29)

f−1g(x) = gf−1(x), g−1f(x) = fg−1(x).(4.30)

Since g and f are one-to-one transformations, equalities (4.29) imply g2(x) =
f 2(x) and equalities (4.30) imply gf(x) = fg(x).

At least one of equalities gf(x) = fg(x) and g2(x) = f 2(x) holds for all
x ∈ Q. Indeed, since g and f have form (2.1), either of equalities considered
is a linear system of equations. A solution of such a system is a hyperplane
of dimension n−r, where r is a rank of a system matrix. Clearly, if any point
x ∈ Q is a solution of at least one of these systems, then at least one system
has a zero rank matrix, therefore, at least one equality holds identically in
Q.

We claim that identity g2(x) = f 2(x) (x ∈ Q) implies gf(x) = fg(x)
(x ∈ Q). Indeed, since g and f have form (2.1), identity g2(x) = f 2(x) (x ∈
Q) implies K2 = C2. As matrix K2 is orthogonal, it can be expressed in a
form K2 = S−1US, where S is some orthogonal matrix, det S 6= 0, and matrix
U = diag(λ1, λ2, . . . , λn) is diagonal with eigenvalues of K2 on its main diag-
onal, and |λi| = 1, i = 1, . . . , n. Matrix U is defined uniquely up to permuta-
tion of diagonal elements and matrix S is defined uniquely up to permutation
of rows. Put Q = S−1V S, where V = diag(

√
λ1,

√
λ2, . . . ,

√
λn). It is obvious

that Q2 = K2 and Q is orthogonal matrix defined up to values of roots
√

λi.

We claim that there are no other orthogonal matrices whose square equals
K2. Indeed, suppose that there exists an orthogonal matrix P such that
P 6= Q and P 2 = K2. Then P = T−1WT, where W = diag(µ1, µ2, . . . , µn),
|µi| = 1, i = 1, . . . , n. Hence P 2 = T−1 diag(µ2

1, µ
2
2, . . . , µ

2
n)T = K2. Since

representation K2 = S−1US is unique up to permutation of diagonal ele-
ments in U and rows in S, we see that {µ2

1, µ
2
2, . . . , µ

2
n} = {λ1, λ2, . . . , λn}

and T coincides with S up to permutation of rows. Therefore, P = Q. Thus,
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identity K2 = C2 implies representations K = S−1 diag(γ1, γ2, . . . , γn)S and
C = S−1 diag(δ1, δ2, . . . , δn)S such that γ2

i = δ2
i = λi, i = 1, . . . , n. This

implies that KC = CK. From expressions (2.1) we get gf(x) = fg(x) + h

for all x ∈ Q, where h = Kd + b − (Cb + d). As gf(Q) = fg(Q) = Q, we
obtain h = 0 and gf(x) = fg(x) (x ∈ Q).

Remark 3. For example, transformations g and f of form (2.1) sat-
isfying identity gf(x) = fg(x) are rotations around the same axis in R3.

Both identities gf(x) = fg(x) and g2(x) = f 2(x) hold for transformations of
rotation around the same axis in R3 by angles α and π + α.

Lemma 6. Suppose that G2
g 6= ∅, G2

f 6= ∅, g(Q) = f(Q) = Q, trans-
formations g(x) and f(x) have form (2.1), and identity fg(x) = gf(x) holds
for all x ∈ Q. Then operator A is normal.

Proof. By definition, D(A) = {u ∈ W 2
2 (Q) : Bu = 0}. Therefore,

under conditions of the lemma we get A1u,A2u,A∗
1u,A∗

2u ∈ D(A) if u ∈
D(A). Then by the theorem on smoothness of generalized solutions of elliptic
equations near the boundary ([9], Ch. 2, Sec. 5, Theorem 5.1) we obtain
D(AA∗) = D(A∗A) = {u ∈ W 4

2 (Q) : Bu = B∆u = 0}.
By virtue of Lemma 2 it is sufficient to prove that

(4.31) A0(A1 + A2)u + (A∗
1 + A∗

2)A0u

= (A1 + A2)A0u + A0(A
∗
1 + A∗

2)u, u ∈ D(AA∗).

By conditions of the lemma, transformations g and f have form (2.1). In
the same way as in the proof of Lemma 5 we get (4.26) and (4.27). These
equalities imply (4.31).

Example 4. Let us consider an example of operator A being not nor-
mal when the condition for commutativity of transformations g and f is not
fulfilled while the other conditions of Lemma 6 hold. Consider domain Q and
transformations g and f introduced in Example 1. In this case all the con-
ditions of Lemma 6 are fulfilled except for the condition of commutativity.
Put u(x1, x2, x3) = (x1 + x2)ξ(x), where ξ ∈ Ċ∞(R3) is a cut-off function
such that 0 ≤ ξ ≤ 1, ξ(x) = 1 for x ∈ Q2ε, and ξ(x) = 0 for x /∈ Qε.

(Here Qε ⊂ Q and dist(∂Qε, ∂Q) > ε.) It is obvious that u ∈ D(AA∗) and
the left-hand and the right-hand sides of Eq. (4.31) become zeros. Then the
normality of A becomes equivalent to the normality of A1 + A2 for this func-
tion u. Since all the conditions of Lemma 2 also are fulfilled except for the
condition of commutativity, it follows from Example 1 that operator A1 + A2

is normal if and only if Eq. (3.2) holds for all v ∈ L2(Q) and x ∈ Q. It is
obvious that u ∈ L2(Q). Choosing x = (0, 0, 1)T and taking into account
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calculations made in Example 1, we see that Eq. (3.2) is violated. Therefore,
under such conditions operator A is not normal.

Lemmas 4, 5, and 6 prove Theorem 1.

5. Proof of Theorem 2.

Lemma 7. Suppose that G2
g = ∅ and G2

f = ∅. Then g(Q) = f(Q) = Q.

Let operator A be normal and condition a1 + a2 6= 0 hold. Then:

(5.1)





a2
1 (|Jg(x)| − |Jg(x)|−1) + a2

2 (|Jf (x)| − |Jf (x)|−1) = 0,
x ∈ G1

g ∩G1
f ,

|Jg(x)| = |Jf (x)| = 1, x ∈ Q \ (G1
g ∩G1

f ).

Note that the second relation from (5.1) is a special case of the first.

Proof. First, we prove that G2
g = ∅ implies g(Q) = Q. Since under the

initial assumptions g(Q) ⊂ Q, it is sufficient to prove that Q ⊂ g(Q). Indeed,
for any x ∈ Q we have x = g2(x) whence g−1(x) = g(x) ∈ Q. Therefore, any
point x ∈ Q has an original in Q. Thus, g−1(Q) ⊂ Q whence Q ⊂ g(Q).
Analogously, G2

f = ∅ implies f(Q) = Q.

As operator A is normal, we have D(AA∗) = D(A∗A) and Eq. (4.25)
holds.

1. Suppose that for some point x0 ∈ G1
g ∩ G1

f relation g(x0) 6= f(x0) holds
(and so g−1(x0) 6= f−1(x0)). Sets G1

g and G1
f are open, therefore, there exists

a neighborhood B2δ(x
0) such that B2δ(x0) ⊂ G1

g ∩G1
f . Since transformations

g and f are smooth, choose δ > 0 such that B2δ(x
0) ∩ g(B2δ(x

0)) = ∅,

B2δ(x
0) ∩ f(B2δ(x

0)) = ∅, g(B2δ(x
0)) ∩ f(B2δ(x

0)) = ∅, and f−1(B2ε(x
1)) ∩

g−1(B2ε(x
1)) = ∅. Introduce a cut-off function ξ ∈ Ċ∞(Rn) such that 0 ≤

ξ(x) ≤ 1, ξ(x) = 1 for x ∈ Bδ(x
0), and supp ξ ⊂ B2δ(x

0). It is obvious that
g−1(B2δ(x0)) ⊂ Q and f−1(B2δ(x0)) ⊂ Q. Therefore, ξ ∈ D(AA∗).

Combining Eq. (4.25) for u = ξ(x), condition g(x) 6= f(x) for x ∈
B2δ(x

0), definition of ξ(x), and identities g(x) = g−1(x) and f(x) = f−1(x)
for x ∈ Q, we obtain for x ∈ Bδ(x

0)

(5.2) a2
1|Jg−1(g(x))|+ a2

2|Jf−1(f(x))| = a2
1|Jg−1(x)|+ a2

2|Jf−1(x)|.

By virtue of properties |Jg(x)| · |Jg−1(g(x))| = 1 and |Jf (x)| · |Jf−1(f(x))| = 1
for x ∈ Q and identities g(x) = g−1(x) and f(x) = f−1(x) for x ∈ Q, from
Eq. (5.2) we obtain the first of relations (5.1):

a2
1

(|Jg(x)| − |Jg(x)|−1
)

+ a2
2

(|Jf (x)| − |Jf (x)|−1
)

= 0, x ∈ Bδ(x
0).
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2. Suppose that for some point x0 ∈ G1
g ∩G1

f there exists ε such that g(x) =
f(x) for x ∈ B2ε(x

0) (and so g−1(x) = f−1(x)). Choose δ ≤ ε such that
B2δ(x0) ⊂ G1

g∩G1
f , B2δ(x

0)∩g(B2δ(x
0)) = ∅, and B2δ(x

0)∩f(B2δ(x
0)) = ∅.

We get g−1(x) = f−1(x) for x ∈ g(B2δ(x
0)). By definition, g(G̃1

g) = G̃1
g,

therefore, g(G1
g) = G1

g. Hence g(B2δ(x
0)) ⊂ G1

g ∩G1
f . Since G2

g = G2
f = ∅, we

have g(x) = g−1(x) and f(x) = f−1(x) for x ∈ Q. Therefore,

(5.3) g(x) = g−1(x) = f(x) = f−1(x), x ∈ B2δ(x
0) ∪ g(B2δ(x

0)),

and [B2δ(x
0) ∪ g(B2δ(x

0))] ⊂ G1
g ∩G1

f .

Introduce a cut-off function ξ ∈ Ċ∞(Rn) such that 0 ≤ ξ(x) ≤ 1, ξ(x) =
1 for x ∈ Bδ(x

0), and supp ξ ⊂ B2δ(x
0). Taking into account Eq. (5.3), for

x ∈ Bδ(x
0) we get:

A1A
∗
2η(x) = a1a2|Jf−1(g(x))|ξ(f−1g(x)) = a1a2|Jf−1(g(x))| = a1a2|Jg(g(x))|,

A2A
∗
1η(x) = a1a2|Jg−1(f(x))|ξ(g−1f(x)) = a1a2|Jg−1(f(x))| = a1a2|Jg(g(x))|,

A∗
1A2η(x) = a1a2|Jg−1(x)|ξ(fg−1(x)) = a1a2|Jg−1(x)| = a1a2|Jg(x)|,

A∗
2A1η(x) = a1a2|Jf−1(x)|ξ(gf−1(x)) = a1a2|Jf−1(x)| = a1a2|Jg(x)|.

Combining these expressions with Eq. (4.25) for u = ξ(x) and taking into
account Eq. (5.3), for x ∈ Bδ(x

0) we get

(a1 + a2)
2|Jg(g(x))| = (a1 + a2)

2|Jg(x)|,
(a1 + a2)

2|Jf (f(x))| = (a1 + a2)
2|Jf (x)|.

Using properties |Jg(x)| · |Jg−1(g(x))| = 1 and |Jf (x)| · |Jf−1(f(x))| = 1 for
x ∈ Q and taking into account that a1 + a2 6= 0, we get |Jg(x)| = |Jf (x)| = 1
for x ∈ Bδ(x

0).

From parts 1 and 2 and from the smoothness of |Jg(x)| and |Jf (x)| it
follows that the first relation from (5.1) holds for all x ∈ G1

g ∩G1
f .

3. By definition, f(x) = x holds for x ∈ G̃1
f , therefore, g(x) 6= f(x) for

x ∈ G1
g \ G1

f . Suppose that G1
g \ G1

f is not empty. As this set is open, we

get |Jf (x)| = 1 for x ∈ G1
g \ G1

f . For any point x0 ∈ G1
g \ G1

f there exists a

neighborhood B2δ(x
0), such that B2δ(x0) ⊂ G1

g \G1
f . Choose δ > 0 such that

B2δ(x
0) ∩ g(B2δ(x

0)) = ∅, and g(B2δ(x
0)) ∩ f(B2δ(x

0)) = ∅. Considering
equation analogous to Eq. (5.2), we obtain a2

1|Jg−1(g(x))| = a2
1|Jg−1(x)| for

x ∈ Bδ(x
0). Combining this with |Jg(x)| · |Jg−1(g(x))| = 1 and g(x) = g−1(x),
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we get |Jg(x)| = 1 for x ∈ Bδ(x
0). Since point x0 is arbitrary, this holds for

x ∈ G1
g \G1

f . In the set G1
f \G1

g we obtain the analogous result: |Jf (x)| = 1.

By definition, Q \ (G1
g ∪G1

f ) = {x ∈ Q : g(x) = x, f(x) = x}. Therefore,
if this set has a non-empty interior, we have |Jg(x)| = 1 and |Jf (x)| = 1
there.

Sets G1
g and G1

f are open, therefore, for any point y ∈ ∂G1
g or y ∈ ∂G1

f

at the limit we get |Jg(y)| = 1 and |Jf (y)| = 1.

Lemma 8. Suppose that G2
g = ∅ and G2

f = ∅. Let conditions |Jg(x)| = 1
and |Jf (x)| = 1 hold for x ∈ Q. Then operator A is self-adjoint.

Proof. Under conditions of this lemma it follows from Lemma 1 (taking
into account that g(x) = g−1(x) and f(x) = f−1(x) for x ∈ Q) that A1 = A∗

1

and A2 = A∗
2. Since operator A0 is self-adjoint, operator A also is self-adjoint.

Lemmas 7 and 8 prove Theorem 2.

6. Proof of Theorem 3.

Lemma 9. Suppose that G2
g 6= ∅, G2

f = ∅, and g(Q) = Q. Let operator
A be normal. Then:

1). g(x) = Kx + b, x ∈ Q, where K is an orthogonal matrix of n × n

size, K2 6= E, and b ∈ Rn.

2). f(Q) = Q and |Jf (x)| = 1, x ∈ Q.

Proof. First, we prove the first statement of the lemma. Consider trans-
formation g. Analogously to the proof of Lemma 3, choose a point x0 ∈ G2

g.

Properties (A1) and (A2) hold at this point. There exists a neighborhood
B2δ(x

0) ⊂ G2
g satisfying properties (B1) and (B2).

1. In the same way as in the part 1 of the proof of Lemma 3, suppose that
at the point x0 properties (A3)–(A8) hold, therefore, we can choose δ > 0
sufficiently small so that corresponding properties (B3)–(B8) hold. Since
condition G2

f = ∅ implies that f(x) = f−1(x) for x ∈ Q, properties (A4)
and (A5) coincide as well as properties (B4) and (B5) corresponding them.

All the further reasoning from part 1 of the proof of Lemma 3 remains
valid. According to it, transformation g is linear in the neighborhood Bδ(x

0)
of the point x0 and is described by Eq. (4.10).

2. Analogously to the proof of Lemma 3, we consider different cases where
properties (A3)–(A8) are violated. All the cases where properties (A3), (A6),
(A7), and (A8) get violated one at a time are considered in the same way
as in the corresponding parts 2, 5, 6, and 7 of the proof of Lemma 3. The
case where either property (A4) or (A5) get violated is considered in the
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same way as in part 10 of the proof of Lemma 3 because these properties
are equivalent under conditions of the present lemma. In the last case no
conditions on coefficients a1 and a2 is used.

Due to relation f(x) = f−1(x) for all x ∈ Q and the equivalency of (A4)
and (A5), only the following combinations of properties (A3)–(A8) are pos-
sible: (A4) and (A5) (already considered) , (A6) and (A8), (A6) and (A7),
(A3) and (A7), and (A3) and (A8) (see part 8 of the proof of Lemma 3). All
the combinations except for the first are considered in the same way as in
part 9 of the proof of Lemma 3 and reduced to combinations of corresponding
particular cases.

As a result, the proof of Lemma 3 is repeated taking into account condi-
tion f(x) = f−1(x) for x ∈ Q which proves the first statement of the present
lemma.

Now we prove the second statement of the lemma. Consider transforma-
tion f. By virtue of condition G2

f = ∅ we get f(x) = f−1(x) for all x ∈ Q and
f(Q) = Q (as was proved in Lemma 7). Choose any point x0 ∈ G1

g∩G1
f and a

neighborhood B2δ(x
0) such that B2δ(x0) ⊂ G1

g∩G1
f , B2δ(x

0)∩g(B2δ(x
0)) = ∅,

B2δ(x
0) ∩ g−1(B2δ(x

0)) = ∅, and B2δ(x
0) ∩ f(B2δ(x

0)) = ∅.

3. Suppose that f(x0) 6= g(x0) and f−1(x0) 6= g−1(x0). Then choose δ > 0
such that also g(B2δ(x

0))∩f(B2δ(x
0)) = ∅ and f−1(B2ε(x

1))∩g−1(B2ε(x
1)) =

∅. Introduce a cut-off function ξ ∈ Ċ∞(Rn) such that 0 ≤ ξ(x) ≤ 1, ξ(x) = 1
for x ∈ Bδ(x

0), and supp ξ ⊂ B2δ(x
0). It is obvious that ξ ∈ D(A∗A).

Since operator A is normal (as expressed by Eq. (4.25)), by definition
of B2δ(x

0) and u = ξ(x) we obtain Eq. (5.2) for x ∈ Bδ(x
0). By the first

statement of the present lemma, transformation g has form (2.1). Therefore,
|Jg(x)| = |Jg−1(x)| = 1 for x ∈ Q. Taking this into account as well as
identities f(x) = f−1(x) and |Jf (x)| · |Jf−1(x)| = 1 for x ∈ Q, from Eq. (5.2)
we get |Jf (x)| = 1 for x ∈ Bδ(x

0).

4. Suppose that f(x) = g(x) and f−1(x) 6= g−1(x) for x ∈ S1 ⊂ G1
g ∩ G1

f ,

where S1 is a set either with non-empty or empty interior. Then by the first
statement of this lemma we get f(x) = g(x) = Kx+ b for x ∈ S1, where K is
an orthogonal matrix of n×n size such that K2 6= E and b ∈ Rn. Therefore,
|Jf (x)| = det K = 1 for x ∈ S1 \ ∂S1.

5. Suppose that f−1(x) = g−1(x) and f(x) 6= g(x) for x ∈ S2 ⊂ G1
g ∩ G1

f ,

where S2 is a set either with non-empty or empty interior. Then we get
f(x) = f−1(x) = g−1(x) = K−1x − K−1b for x ∈ S2. Therefore, |Jf (x)| =
det K−1 = 1 for x ∈ S2 \ ∂S2.
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6. Suppose that f(x) = g(x) and f−1(x) = g−1(x) for x ∈ S3 ⊂ G1
g ∩ G1

f ,

where S3 is some set. Then g2(x) = x for x ∈ S3, i. e., S3 ⊂ G̃2
g. By the first

statement of this lemma, we get G̃2
g ⊂ ∂G2

g (also see part 11 of the proof
of Lemma 3). Therefore, S3 ⊂ ∂G2

g. Set S3 has empty interior and we shall
consider it below in part 9 of this proof.

7. By definition, for x ∈ Q \ G1
f we have f(x) = x whence |Jf (x)| = 1 for

x ∈ Q \G1
f .

8. By definition, for x ∈ G1
f \ G1

g we have f(x) 6= x and g(x) = x. By the

first statement of the lemma, we get G̃1
g = {z ∈ Q : z = Kz + b}, therefore,

set G̃1
g belongs to a hyperplane of dimension r ≤ n−1, where r is an order of

eigenvalue 1 of matrix K. This implies that G̃1
g ⊂ ∂G1

g whence G1
f \G1

g ⊂ ∂G1
g,

therefore, set G1
f \G1

g has empty interior and will be considered in part 9 of
this proof.

9. Parts 3–5 and 7 imply that |Jf (x)| = 1 for all x ∈ Q excluding some
set with empty interior. This set consists of ∂S1, ∂S2, S3, and ∂G1

f . By the
smoothness of |Jf (x)|, at the limit we also get |Jf (x)| = 1 in this set.

Lemma 10. Suppose that G2
g 6= ∅, G2

f = ∅, and g(Q) = Q. Let operator
A be normal. Then gf(x) = fg(x), x ∈ Q.

Proof. From Lemma 9 it follows that transformations g and f have
form (2.3).

By definition, D(A) = {u ∈ W 2
2 (Q) : Bu = 0}. As was proved in

Lemma 7, condition G2
f = ∅ implies f(Q) = Q. Then by conditions g(Q) =

f(Q) = Q and (2.3) we get A1u,A2u,A∗
1u,A∗

2u ∈ D(A) if u ∈ D(A).
Therefore by the theorem on smoothness of generalized solutions of elliptic
equations near the boundary ([9], Chap. 2, Sec. 5, Theorem 5.1) we obtain
D(AA∗) = D(A∗A) = {u ∈ W 4

2 (Q) : Bu = B∆u = 0}.
Since transformation g has form (2.3), equations (4.3)–(4.4) hold identi-

cally in Q. In the same way as in the proof of Lemma 5, combining this with
Eq. (4.2), we get

(6.1) A0A1u = A1A0u, A0A
∗
1u = A∗

1A0u, u ∈ D(AA∗).

On the other hand, under conditions of the lemma we have G2
f = ∅,

whence f(x) = f−1(x) for all x ∈ Q. Taking this into account, from (2.3) we
get A2 = A∗

2. Therefore,

(6.2) A0A2u = A0A
∗
2u, A2A0u = A∗

2A0u, u ∈ D(AA∗).
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Combining equations (6.1) and (6.2) with Eq. (4.25), in the same way
as in the proof of Lemma 5 we get Eq. (4.28). Repeating the reasoning from
the proof of Lemma 5, we prove that for any x ∈ Q at least one of equalities
g2(x) = f 2(x) and gf(x) = fg(x) holds. But the first of them can only be
fulfilled when x ∈ G̃2

g because f 2(x) = x for all x ∈ Q. By Lemmas 3 and 9,

G̃2
g ⊂ ∂G2

g. Therefore, identity gf(x) = fg(x) holds for x ∈ G2
g and by the

smoothness of g and f it is extended to G2
f = Q.

Lemma 11. Suppose that G2
g 6= ∅, G2

f = ∅, and g(Q) = Q. Let condition
fg(x) = gf(x) hold for x ∈ Q and let transformations g and f have form

g(x) = Kx + b, x ∈ Q,

|Jf (x)| = 1, x ∈ Q.

where K is an orthogonal matrix of n × n size, K2 6= E and b ∈ Rn. Then
operator A is normal and f(Q) = Q.

Proof. As was proved in Lemma 7, statement f(Q) = Q follows from
condition G2

f = ∅. In the same way as in the proof of Lemma 6, we get
D(AA∗) = D(A∗A) = {u ∈ W 4

2 (Q) : Bu = B∆u = 0}. All the conditions of
Lemma 2 are fulfilled, therefore, operator A1 + A2 is normal in L2(Q). Now
it is sufficient to prove that Eq. (4.31) holds.

It can be proved that operator A2 is self-adjoint in the same way as in
the proof of Lemma 8. So A2 = A∗

2 in L2(Q). In the same way as in the proof
of Lemma 6, we obtain Eq. (4.26). This proves Eq. (4.31) and completes the
proof.

Lemmas 9, 10, and 11 prove Theorem 3.
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