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Andronov—Hopf bifurcation for quasi-linear parabolic functional
differential equations with transformations of spatial variables

E. M. Varfolomeev

A non-linear optical system with field transformations in a two-dimensional feedback
loop is described by the following Neumann problem [1]:

N
ut—&—u:DAu—&—K(l—l—Z’yicosugi), r€Q, teR, (1)
=1
(Ou/ov

)|6Q><]R =0. (2)

Here @ C R" is a bounded domain with boundary 0Q € C*°; D, K,y1,...,y~v € R are
non-zero constant coefficients; uy, = u(gi(x),t), gi: @ — ¢:;(Q) are one-to-one transfor-
mations, ¢ = 1,...,N; v is the outward unit vector normal to 9@ at the point x and
v =(v,0).

For applications it is important to investigate Andronov—Hopf bifurcation of periodic
solutions of the equation (1). In many papers (for example, [2], [3]) this problem has been
considered in the case when the domain () is a disc or annulus and the only transformation
of variables is a rotation by a constant angle and a contraction. The case of an arbitrary
domain @ and a single transformation of variables was investigated in [4]. In [5] the
normality of the linearized operator of the problem was used. The normality of this
operator was studied in [6] for the problem with two transformations of variables.

In this paper we generalize the results of [4] to the case of any finite number of
transformations of variables. We use the approach developed in [7], [8] for investigat-
ing Andronov—Hopf bifurcation in infinite-dimensional problems.

Condition 1. ¢;(Q) CQ,gi(z) Zz (x€Q),i=1,...,N.

Condition 2. The operators Gi: L,(Q) — L,(Q) with (Giu)(xz) = u(gi(z)) are bounded,
i=1,...,N.

A solution w of the problem (1), (2) is called a spatio-homogeneous stationary solution
if it does not depend on x € @ nor t € R. It satisfies the transcendental equation

w—K(l—Fi*yicosw). (3)

i=1
Condition 3. 1+ I?sinﬁzyzo ~vi # 0, where @ is the solution of (3) for K = K.

Let X be a real Banach space. We denote by C5,.(X), 0 < o < 1, the space of all
2m-periodic functions ¢: R — X that are o-continuous in the Hélder sense, equipped with
the norm

lelles, oo = sup lle@®lx + sup [lo(t) = @ls)llx /(- 5)".

T <tL27 <s<t<L2m

Let 37 (X) be the Banach space of all differentiable functions ¢: R — X such that ¢
and ¢’ belong to CF,(X), with the norm H@HC;;’(X) = SUPgcicar 1) x + H@/”cgﬂ(x)-
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Let WF(Q) (WéC (Q)) be the Sobolev space of real-valued (complex-valued) functions
belonging to L,(Q) (Lp(Q)) together with their generalized derivatives up to order k. Let
W2 N (Q)={v e WZ(Q): (9v/dv)|ag =0} and Wig(Q) ={v e W2(Q) : (3v/dv)|aq =0}.

Suppose that w = w(s) satisfies (3) for K = K + s and w(0) = @w. We represent a
solution of the problem (1), (2) as u(z,t, ») = w(s) 4+ v(x,t, ). Then (1) takes the form

ve = f(v, ),

where f(v,) = DAv—v+ (IA{ + )N i (cos(w() + vg,) — cosw(5)).

We define the operator £ () : Z(Z(x)) C Lp(Q) — Lp(Q) with domain 9( (5))
W2 x(Q) by the formula _2”( o= fy (O, 2)v = DAv—v— (K + ) sinw(s) >N Yivg; - Let
us consider the operator . () : (f(%)) C Ly(Q) — Ly(Q) with domain Z(.& L(3)) =
WE,N(Q) defined by the formula Z( ) = L(0)v1 + i L (5)v2, where vi,v2 € D(ZL(x))
and v = v1 + ivg

Let \s(3¢) =

iws(5), s =1,2,..., denote the eigenvalues of the operator .,2/2/(%)

W 1s a simple eigenvalue of the operator .5?(0): @(.,if;(%)) C

ds () +
Condition 4. )\;(0) =

B >0, koi ¢ o(L(0)) for k=0,2,3,..., and 6,(0) # 0.
)

Ly(Q) — Lu(Q),

We let 7 = Ww(x)t, where w(s¢) is an unknown frequency close to 1, and we consider
the 2m-periodic solutions of the equation

vr = (@w() 7 f(v(7), %),  TER
The following theorem is the main result of this paper.

Theorem 1. Assume the conditions 1-4 and let the numbers o € (0,1) and p > n/2
be fized. Then there exist a number €9 > 0, an analytic vector-valued function £ +—
(v(e),w(e), #()) acting from (—eo,c0) to C5. (W7 n(Q))N NCy7 (Ly(Q)) X R X R such that
v(0) =0, w(0) =1, 2(0) =0, and v(e) is not constant with respect to T for e # 0, and an
analytic function € — w(x(e)) from (—eo,£0) to R.

The function u(zx,t,e) = w(sx(e)) + v(x,7,¢) is 2m(@w(e)) ' -periodic with respect to t
and is a solution of the problem (1), (2), where T = w(e)@t. In addition, w(e) = 1+&2ws +
3wz 4 and x(e) = %0 + %33 + -+

Moreover, there ezists a 6o > 0 such that if 7,0 € R and v € C5, (W7 x(Q)) N
Cy° (Lp(Q)) satisfy the conditions

(1) = @@) ' f@(r), %), TER,

o < do, |7 <do, |1—w|< do,

log, (W2 5 (@)NC3;7 (Lp(Q))
then there exist a 0 € [0,27) and an € € (—eo,c0) such that % = x(e), w = w(e), and
(1) =v(z, T+ 0,¢).

The author is grateful to Professor A. L. Skubachevskii for posing the problem and for
his constant attention to this investigation.
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